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PREFACE 


The present treatise on Vector Analysis is intended to be 
a text-book for undergraduate classes in Indian Universities. 
The notion of a vector has been approached from two points 
of view—Geometric and Algebraic. A correspondence between 
the two has also been established. It has been the aim of 
the authors to make available to the reader a tool of which 
he may make a profitable use in his studies of the various 
branches of Mathematics, and of Analytic Geometry and 
Mechanies, in particular. 

We take this opportunity to acknowledge with gratitude the 
help we have derived from standard treatises on the subject. We 
shall consider our labour amply rewarded if our contributions 
through this book render help to the students for whom it is 
meant. Critical suggestions for improvement of the book will be 
thankfully received. 

We express our heartfelt gratitude to Pratul Kumar Bagchi, 
Professor of Mathematics, Vidyasagar College, Calcutta, who 
has been a perennial source of inspiration to us in the ~ 
preparation of this book. 

Our thanks in preparing this book are also due to 
Rev. Father Goreux. S. j. ; D. Sc. of the St. Xavier’s College, 
Calcutta, Profs. B. Haldar, J. N. Dasgupta of the Asutosh College, 
Calcutta, Prof. G. O. Chakravarty of the Vidyasagar College, 
Calcutta, Prof. M. O. Ghosh of the Dinabandhu Andrews 
College, 24-Parganas, Prof, K. R. Roy of the Presidency 
College, Calcutta, Prof. T. P. Maity of the Scottish Church 
College, Calcutta, Prof. S. K. Sur of the Charu Chandra 
College, Calcutta and Prof. A. Chakravarty of the P. K. College, 
Contai, for advice and suggestions of various sorts. 


CALCUTTA, } MAITY 
25th. November, 1958. GHOSH 


PREFACE TO THE 
SECOND EDITION 


A second edition of A first course in Vector Analysis has 
been called for within a remarkably short time. This has been 
a definite encouragement to the authors who take this opportunity 
to extend their sincerest thanks to the teachers and students of 
different Colleges and Technical Institutes situated in various 
parts of India for according a ready welcome and favourable 
reception to the book. 


In this edition the general plan of the book has not been 
changed. But we have attempted to satisfy the long-felt 
need for a short course on Vector Calculus suitable for 
undergraduate Honours students. Beginning with the notion 
of vector functions of a single scalar variable, we have 
introduced systematically the concepts of limit, continuity, 
derivability, indefinite integration as the reverse of differen- 
tiation, definite integration as the limit of an infinite sum. 
Applications of these concepts in Differential Geometry of 
Curves and Mechanics (Kinematics, in particular) with profuse 
illustrations have been furnished. 


This preface would be incomplete if we close it without 
an expression of deep gratitude which we owe to Dr. N. N. Bose 
of Lucknow Christian College, Lucknow, Vice-Principal 
M. R. Das Gupta of City College, Calcutta, Prof. G. D. Bhar of 
St. Paul’s College, Calcutta, Dr. K. N. Bhattacharya of 
Presidency College, Calcutta, Prof. B. ©. Dam and Prof. 
T. M- Mukherjee of Vivekananda College, Barisha, Dr. D. N. 
Mitra of I. I. T., Kharagpur, for their valuable suggestions 
and kind encouragement. 


CALCUTTA } Marry 
4th. July, 1960 GHOSH 


PREFACE TO THE 
THIRD EDITION 


This is an extensive revision of the previous editions of this 
book. Most of the matter has been re-written with greater 
attention to clarity. The number of exercises has been increased 
considerably. All the diagrams haye been drawn afresh. 
Answers with sufficient hints are provided in most of the 
exercises at the end of each example. 

For a quick recapitulation of new concepts, the summary of 
two useful sections viz., chapters 1 and 3 have been appended. 


In course of developing the book in the present form we have 
taken advantage of the suggestions from many of our fellow- 
teachers to all of whom we extend our sincere gratitude. We 
are also thankful to those who have drawn our attention to 
some errors which had crept in the preparation of the previous 
editions. Suggestions for further improvement will be cordially 


received. 
CALCUTTA MAITY 
The 15th. August, 1962. GHOSH 
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INDEX and UNIVERSITY QUESTIONS 
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Elementary Operations : 
Centroids 


11. Introduction. 


The physical objects z.¢., measurable objects of reasoning in 
Mathematics are primarily of two distinct classes—those which 
do not involve the idea of direction are called Scalars (or Scalar 
quantities) and those which do involve the idea of direction are 
called Vectors (or Vector quantities). 

Numbers, time, mass, length, temperature, quantity of heat, 
numerical statistics (¢.g., birth rates, mortality, population), 
electric charge, potential etc.—all possess magnitude without 
any reference to direction. They are Scalar quantities. 


Displacement, velocity, acceleration, force, electric current, 
magnetic flux, lines of force, stress and strain due to any cause, 
flow of heat and fluids—all involve two ideas viz. magnitude and 
direction. They are Vector quantities. 


1'11. Scalar quantities. 

Scalar quantities are characterised by their magnitudes only 
without any reference to direction. In order to specify such 
a quantity we need to choose some unit quantity of the same 
kind and find how many such units are contained in a given 
quantity. Thus if ù denotes the unit of such a quantity and m, 
tho number of units contained, the given quantity is completely 
known by the expression mu. The ratio m which a given quantity 
bears to the chosen unit is called the measure or magnitude of the 
given scalar, quantity. Accordingly, real nwmbers are included 
among the scalars and are the simplest of them all. In what 
follows we shall consider a veal nwmber to represent some scalar ; 


2 ELEMENTARY OPERATIONS : CENTROIDS 


thus our scalars will obey all the laws of algebraic analysis 
of real numbers. The specification of a scalar by a real number 
permits of its geometric representation; for, if we agree to 
represent u, the chosen unit by a line of definite length, then mu 
would be represented by a line m times as long as the line for 
the unit. The length of the line representing w will be called the 
Scale of representation. 


Note. The name Scalar is significant because they may be specified by 
numbers marked off on a chosen scale. Latin Scalae’ means a ladder, 
divided into parts by the rungs. 


1°12. Directed line Segment. 

Let an indefinite straight line Z be given and let two points, 
A and B be marked off on L. Then the portion of L which is 
bounded by A and B is called a line 
segment. We may consider the line 
segments AB and BA as different 
segments by giving each a direction 
or sense. Thus AB shall be directed 
from Ato B and BA shall be direc- 
ted from B to A i.e., oppositely to 
AB. These line segments are then 
called directed line segments. We 


Fig. 1.1. Directed and undirected 


— — 
nai denote them by AB and BA, to dis- 


tinguish them from the undirected 
ER 
line segments AB or BA (Fig. 1.1). In AB we call A the initial 


ay 
point and B the terminal point and in BA we say B, the initial 
point and A, the terminal point. 
' With every directed line segment we attribute three charac- 
teristics : 
(i) Length ; (ii) Support ; (iii) Sense. 


(i) Length. The length of the directed line segment AB is the 
length of the line segment AB, a scalar. The notation for 
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> > 

this length is |AB|; read: absolute value of AB. 
a —> 

Note that |AB| =|BA|. 


(ii) Support. The support of AB is the line L of indefinite length 
of which the AB is a portion. 


(iii) Sense. The sense of AB is indicated by the order in which 
the letters are stated t.e., from A towards B. 


If for two directed 


line segments one or more Goer ee By ee E 
of these three characteris- y. 

tics differ they are treated E F 

as different segments. Fig. 1.2. Equality of directed segments 


— — 

Note 1. ‘AB and BA have same length, same support but of opposite 
sense; hence they are different (directed) line segments. We call them 
equal and opposite directed segments. 


— —> 
Note 2. AB and CD (Fig. 1.2) have same support and same sense. 
= — 
Now if | AB | = | CD | then they will be treated as equal directed segments. 
— — 
Note 3. AB and EF (Fig. 1.2) have parallel supports Z and M. If 


— > 
now | AB | = | EF | we may treat them as equal segments in the wider sense 
of the term. If two segments are not on the same or parallel supports they 
can never be equal, 


1°2. Vector: free and localised. 
A vector is a directed line segment. A vector from A to B 


2 
(Fig. 1.1) is denoted by AB, where it is necessary to specify 
its end points otherwise, by a single bold face letter, a, b, ¢...... 
or by some Greek alphabet a, 8, Y...... z 


> > 
The length of the vector AB or a is denoted by |AB| or 


are 
by lal (or simply by a) ; read: length of the vector AB (or a) 
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= 
or absolute. value of AB (or a); la| is also known as the 
measure or module or magnitude of the vector a. In practice, 
the students may indicate a vector by a single letter with an 


S 
arrow above it (¢.9., a). 


Note, The concept of vector is closely associated with displacement. 
In fact, vector means carrier, that which carries or displaces a point from. 
one position to another (Latin veho—T carry). The terms step, stroke, 


directed numbers are synonymous with the term vector. We may interpret : 


pat 
point A is carried to the point B by means of a carrier AB or by following 


a: 
a step represented by AB. 


1°21. Equality of two vectors. 


DEFINITION. Two vectors a and b are equal, written as a=b, 
if they have 


(i) same length i.e, |al =|b|; 
(ii) same sense ; 


Gii) same or parallel supports. 


Thus in Fig, 1.2, AB, CD, EF are equal vectors. 


Note carefully that the equality of two vectors does not depend 
on the absolute positions of their ends. In other words, our 
definition of equality does not demand that tho vectors must 
have the same supports. The vectors conforming to such a defini- 
tion of equality are said to be free. 


A Free vector is thus a directed line segment occupying any 


position in space ; its initial point may be chosen arbitrarily on 
parallel supports, 


In some applications, however, we meet with vectors which 
are restricted to lie on a given line (e.g., forces acting on a rigid 
body are restricted to lie along their lines of action ; shifting 
along other lines will alter their dynamical effect), Such a 
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vector which is confined to a definite line of support is called 
a Line vector. Two such line vectors are equal if their lengths, 
supports and senses are same. 


Note that two directed line segments may be equal free vectors 


— — 
but unequal line vectors. If free, then AB = EF (Fig. 1.2), but 
they are not equal if they are line vectors. 


In our discussions we shall mean a free vector when the. 
+ term vector will be used. In case we need to consider a line 
vector we shall specifically mention it to be so. 


1°22. Vectors and vector quantities. 


We have defined the term Vector from a purely geometric 
concept (directed line segment) ; some prefer to call such a vector 
as a length vector. It is our object to develop an Algebra of 
length vectors. In order to make a study of the vector quantities 
(like velocity, acceleration etc.) we first require to fix up their 
units and then length vectors are used to specify their magnitudes 
and directions. 


Again some vector quantities are free (e.g., the translation of 
a rigid body) and others are localised (e.g., forces acting on rigid 
body require for their specifications the knowledge of magnitude, 
direction as well as the definite positions they occupy in space). 
It is to be noted that a single free vector (length-vector) can not 
completely represent the effect of a localised vector quantity 
(e.g. two free vectors are necessary to specify a force acting on 
a rigid body). 

The idea behind introducing Vector Analysis based on the 
concept of length-vectors is that, we may conveninetly apply the 
laws deduced here not only in problems of vector quantities 
but also in the study of geometrical problems (three-dimensional 
geometry, in particular). In the present treatise we have given 
more stress on the latter study. 
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We shall make use of the term Vector Algebra by which we 
shall mean a set of rules which are gainfully employed in com- 
bining a vector with another vector or a vector with a scalar ; 
the rules that are set are known as Laws of combination of 
vectors. 


In the later chapters we shall also include a brief discussion 
of Vector Calculus where the concept of differentiation and 
integration of a vector function with respect to a scalar variable 
will be introduced. Our study will thus comprise the following : 


1. Addition and subtraction of vectors. 

9. Multiplication of vectors by scalars. 

3. Different ways of multiplication of two vectors. 

4, Derivation and integration of a vector function with respect 
to a scalar variable. 


5. Applications in geometry and mechanics. 


1°23. Definitions of a few important terms. 

(A) Unit Vector: A vector whose length is unity is a unit vector. 
Unit vector thus indicates the direction. Unit 
vector of a, denoted by å, gives the direction 
of a, length being equal to 1. Because of this 
directional property Heaviside used the term 
ORT (short for orientation) for a unit vector. 

(B) Zero Vector: A zero vector (also called a null vector) is a vector 
whose length is zero. Its initial point and 
terminal point coincide. Thus. 


— —- 

AA=0, BB=0, ete. 
Note that we have used a bold-face type zero to 
denote a null vector. Further, see that all null 
vectors are equal because any line may be con- 
sidered as-the line of support of a null vector. 
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Note. We shall use O to represent the number zero and0 i represent 
a null vector. This double use of the same symbol is suggestive because both 


have many properties in 


(C) Proper Vector : 


(D) Co-initial Vectors : 


(E) Collinear Vectors : 


(F) Coplanar Vectors : 


common, 


Every vector which is not a null vector is 
called a proper vector. When a #0, ais a 
proper vector. 


Two or more vectors having the same initial 
point form co-initial vectors. Our vectors 
being free we may shift them in such a 
way that they may have the same initial 
point. 


Two vectors a and b are collinear (or like 
or parallel) when they have the same or 
parallel supports. 


— Oe > 
Thus in Fig. 1.2, AB, CD, EF are collinear. 
Note that two (free) vectors are equal when 
they are collinear as well as of same length 
and sense. 


A system of vectors is said to be coplanar 
if their supports are parallel to the same 
plane ; otherwise they are non-coplanar. A 
plane parallel to the system of coplanar 
vectors is called the plane of the vectors. 
Co-initial vectors need not be coplanar. A 
plane can always be drawn parallel to two 
given vectors. 


1'3. Addition of vectors: Triangle law. 


A rectilinear displacement or a translation from A to B may 


=> 
be represented by the vector AB. Ifa particle be given two dis- 
placements successively, one from Ato B and a second from B 
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to O, the result is the same as if the particle were given a single 
displacement from A to C. This suggests that 


=> > > i 


AB+BC=AC. 
We shall regard this suggestion as the definition of vector addition. 


Triangle law: Given two vectors a and b ; draw b from the 
terminal point of a, then the vector directed from the initial point 
of a to the terminal point of b is called the sum of a and b, 
written as a +b. 


This method of constructing a triangle in order to define the 
sum a+ b is called Triangle law of addition of two vectors. 


— — 
In Fig. 1.3, AB =a, BO =b ; then complete the triangle ABO ; 


— 
AC will now represent the sum a+b. 


Observe that the relation 
AC < AB+ BO 
of plane geometry gives 
lat+b/<|al+|b] ; 
the equality holds when a and b 
have the same direction. 


Fig. 1.3. Triangle law of addition Fig. 1.4. Parallelogram law 


Parallelogram law of addition: Completing the parallelogram 
ABCD with AB and BC as sides, we note (Fig.'1.4) 


AD=BC=b, se (1) 
(C. their supports are parallel, lengths and senses are same). 
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= => lO 
Hence, AG=at+b=AB+BC (Triangle law) 
— — 
=AB+AD (by (1)) 


Thus the sum of two co-initial vectors AB and AD is given 


iy 3 
by AC, where AC is the diagonal of the parallelogram ABOD 
having AB and AD as adjacent sides. This is called Parallelo- 
gram law of addition of two vectors. 

` — — 

Special Case: Since AA= 0; BB=0, we may write 
— — — 
a+0=4B+BB=4B=a 


or, 0+a=44+4B=4B=a. 
These give properties of a null vector similar to the properties of 
the number 0 (a +0=0 +a =0). 


1°31. Addition of several vectors: Vector Polygon. 


Continuing the argument already achieved for the addition 
of two vectors we may easily extend the method of construction 
for addition of a number of 
vectors a, b, ¢, d, e, f (say). 


(0 afb+e 


Fig. 1.5(b). Vectors need not be coplanar 


Fig. 1.5(a). Vector polygon 
Thus from Fig. 1.5(a) we have 


X a+b+c+d+e+f 
—_ — — — -> — 
=04+4AB+B0+0D+DE+EF 
— 


=0F. 
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LA 
The vector OF is then called the sum and the polygon 
OABCDEF, the Vector Polygon. Note that the rule for addition 


of several vectors does not require that the vectors should be 
coplanar [ see Fig. 1.5(d) ] 


1°32. The sum of two vectors is independent of the choice of 
the initial point of the first vector. 


Let A, A’ be any two points in space (Fig. 1.6). Suppose, 


— > —> 
AB=a, BC=b, so that AG=a+b. 
B Draw A'B’ and B'O’, equal and parallel 
: to AB and BC respectively. Then 
» i-> —> 
a A’B’ =a, B'O =b. 
It can now be easily shown, by 
— > — 
Geometry, that A’C’=AC; for, the lines 
joining the extremities of two equal and 


parallel lines (drawn in the same sense) 
g are themselves equal and parallel. 


Thus, 


a+b 


Fig. 1.6. Independence A. AnA 
of initial point at+b=AC=A’'0"', 


which proves the proposition. 


1°33. Commutative and Associative law of addition. 
(A) Commutative law: Addition of two vectors a and b obeys the 


Commutative law, ise., 
a+b=bta. 
5 a 
Proof. We refer to Fig. 1.4. Let AB=a, BO=b? Then, by 
triangle law of addition, 


AC=atb. 
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Complete the parallelogram ABCD. Then 
- -> — -> — 
AD=BC=b and DO=AB=a. ‘ 
From AADO, we now have 
-> > — 
bta=AD+DC=AC=atb. 


(B) Associative law : Vector addition is independent of the way its 
elements are associated in groups- 


Thus if a, b, ¢ be any three vectors, then 
at(b+e)=(atb)+e. 
Proof. We refer to Fig. 1.7 where, 


— — -> 
AB=a, BC=b, CD=ce. 


atbte D 


Fig. 1.7. Associative law 


From AABC, AB+BCO=atb=AC 
From AACD, AC+O0D=(atb)+e=AD e (1) 
From ABCD, BO+CD=b+ce=BD 


— — => i 
From AABD, AB+BD=a+(b+e)=AD ss (2) 
Thus (1) and’ (2) prove the law. Since at(b+ ec) =(a+b)+ c, 

each side may simply be written as a+b +c. Using commutative 

law, weemay also write 
(h+c)+a=ct(atb)==atb+e. 
Thus the sum of three vectors is independent of the order in 
which they are added and of their grouping to form partial sums. 
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Similar statements may be advanced for any number of vectors 
if we use successively the commutative and associative laws. 


Note 1. Real numbers obey these two laws. Ifa, b,c be any three real 
numbers, then a+b=b+a; at(b+c)=(atb)+e © ` 


Note 2. In constructing the vector sum of a number of vectors we are 
to place them successively ; the sum will be the vector directed from the initial 
point of the first to the terminal point of the last, the order of succession being 
immaterial. 


1'4. Negative of a vector. 
If v and y be two numbers such that «+y=0 then we say 
that œw is the negative of y or y is the negative of a. 
In a similar manner’ we define, 
a is negative of b or vice versa, if a+b=0. 


Fig. 1.8. Vector subtraction Fig. 1.9. Negative of a+b 


—> > > 


From Bistele law, AB+BA=AA=0. Hence 4B is the 


negative of BA or vice versa. We agree to write BA= —a if 
— —> 


pik 
AB=a. The negative of AB is thus a vector BA of same length, 
same support but of opposite sense. 4 


Note also that -(- AB) = AB. 


1°5. Subtraction of two vectors. 3 


In the number system we define subtraction as an inverse 
operation to addition. Thus to subtract a number b from a we 
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are to seek a new number c which when added with b gives a; 
c is then the difference a—b. We give similar definition to vector 
subtraction. 

The difference of two vectors a and b (written as, a-b) is 
a vector © which when added to b gives the sum a. 

Symbolically, a-b=c, if a=c+b. 

Conversely, observe that a=e+b gives a= (a - b) +b. 

Hence adding (—b) to both sides, 

a+(-b)=(a-b)+b+(-b)=(a-b)+0=a-b. 

Hence subtraction of b from a is the same as adding the 
negative of b with a. This fact may be used in constructing 
a-b (see Fig. 1.8). 

Tt also follows —(a+b)=—a-b=(-a)+(-b) [ Fig. 1.9] 


1°51. Vector equation. 
If a, b be two given vectors, then 
atx=b ois (1) 
has a unique solution 
x=b-a. - (2) 
To prove that (2) is a solution. 
Substitute x given by (2) in (1). Then its left side becomes. 
a+(b-a)=a+[(-a)+b]=[a+(- a)] +b 
=0+b=b=right side. 
To prove that the solution (2) is unique. 
Tf possible, let ¢ be another solution, then from (1) 
a+c=b 
-at(ate)=—-atb (add —a to both sides) 


or, 
or, (-at+a)t+e=—atb. (Associative law) S 
ar, 0+c=b-a (Commutative law) 


or, c=b-a. 
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Note that the existence of a solution of (1) is tacitly assumed. 
Thus in a vector equation the transfer of one vector from one side 
to the other can be, made exactly as in ordinary Algebra of 
numbers. 


1'6. Multiplication of a vector by a scalar. 
DEFINITION. The product of a vector a by a scalar m, 
written as ma, or am, is a vector whose 
(i) length is |m| times that of a ; 
(ii) support is same or parallel to that of a ; 
(iii) sense is same or opposite to that of a according as m is 
positive or negative. 


In accordance with this definition we may define division of 
a vector a by a non-zero scalar m 4s the multiplication of a by 
the scalar 1/m. Thus a/m=(1/m) a. 


1°61. Some simple deductions. 
It follows from the above definition, 


(i) a=a & where a=|al| and â is the unit vector in the 
direction of a. 

(ii) -a=(-1) a i.e., negative of the vector a is the vector 
a multiplied by the scalar — 1. 

(iii) 0a=0. 

(ivy) ma=am =A (am)=(am) A=m (aå). This is the Commutative 
law of a scalar multiple of a vector. 

(v) m(na)=n (ma) =(mn) a, where m and n aro any two scalars. 
This is the Associative law for the multiplication of a vector 
by scalars. 

All these deductions directly follow from the definition and 
can be easily think through. We now prove the Distributive law 
which states : k 

(m+n)a=matna; m(a+b)=ma+mb. 
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The first part again follows from definition. For the second 
_ (part, we consider two cases : 


Case 1. Suppose m is positive. 
We refer to Fig. 1.10, 


= — = 
Let OA=a, AB=b so that OB=a+tb. - (1) 
> 
B 
a mb 
pa ee 1 
0 A a A mAN ck, 
Fig. 1.10. Fig. 1.11. 
, Distributive law (m positive) Distributive law (mm negative) 
4 Take a point A’ on OA such that OA’: OA=m : 1. 


It 0O<m<1 then A’ will be a point lying between 
O and A, but if 1<m< © then A’ will lie outside OA on 
the right of A (see the figure). 

Through A’ draw A'B’ parallel to AB meeting OB (produced, 
when necessary) in B’. Then from similar triangles OAB, OA'B' 


we have 
OA’ _ OB' DABE uig 


OA OB’ AB 
25 
Now OA’=m OA (by construction)=ma and by using (2), 
— + => — 
A'B! =m AB=mb, OB'=m OB =m (a +b). 
` 
By triangle law, we get from AOA’B’ 
| => —> — 
| s OB =0A'+ A'B' 


iln mla +b)=ma +mb. 
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Case 2. Suppose m is negative. 


We refer tol Fig. 1.11 and ask the students to prove the law: 
m(a+b)=ma+mb. 


Important Observations. We are now in a position to 
state that as far as addition, subtraction, multiplication by 
numbers (or scalars) are concerned, vectors may be treated 
formally in accordance with rules of ordinary algebra of numbers. 


1°62. Property of two collinear vectors. 

From our definition it follows that a and ma are two collinear 
(or like) vectors, their supports being same or parallel. We now 
establish the following theorem : 

Theorem. If a and b be two collinear vectors then either of 
them can be expressed as the- product of the other by a suitable 
scalar, the numerical value of the scalar being the ratio of the 
lengths of a and b, and conversely. 

Proof. We may write a=4 å and b=) b where a,b are 
‘the lengths and 4, D are unit vectors of a and b. If the two 
vectors a and b are collinear then 4=b. 


Now, gh eae Su E 
a G 


where æ= (length of b)/(length of a). 


Conversely, if a70, then any vector b, collinear with a can 
be expressed as wa where æ% is a suitable scalar. This follows 
from definition of multiplication of a vector by a scalar. 


1'7. Position Vector. 


In order to specify the position of a point P in space we 
require to choose an arbitrary point O as origin. The vector 
directed from O to P then determines the position of P relative 


=e 
to O. We say that the vector OP is the position vector of P 
with reference to the origin 0. 
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It is customary to denote the position vectors of the points 
A, B, 0, D; E, F, P, Q, R etc., by a, b, c, d; e, f, p, q, r ete., 
the origin O being chosen in advance and supposed to be known 
even if no specific mention be made. Thus the point a will mean 
the position vector of the point A referred to a chosen origin: 


Bib) 


A k C TASR: 
e 
a 4 
i (0) 
Fig. 1.12—Difierence of Fig. 1.13—Section ratio 


position vectors 


aly 

We may express any vector AB as the difference of position 
vectors of the end points A and B. Thus, in Fig. 1.12 where O is 
the origin, we obtain, 


a ee => => 


AB=A0+ OB=-OA+OB=-atb=b-a. 
= Position vector of B- Position vector of A ++: (1) 


The relation (1) is very useful. We shall, in future, frequently 
—> — — 
use CD=d-c¢; PQ=q-p; 4H=h-a; etc. 


1°71. Section ratio (or point of division). 
Referring to Fig. 1.13 we find that O divides the segment 
AB in a certain ratio, say in the ratio &: 1, so that 
AC: CB=k:1 Fs KD 


Clearly % is positive or negative according as C lies within or 
outside the segment AB : 


"9 
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[ To the left of A, k varies between 0 and —1(0 when © coincides with 
A and —1 when C is at infinite distance to the left of A); to the right 
of B, k varies between — oa and —1(— at Band —1 at an infinite distance 
from B); as C describes the line from A to B, k varies from 0 to œ, 
We may remember the variation of / as 
-1<k<0(4); 0<h< oB); -2 <k< -1 
when C describes the entire line from left to right. ] 


In view of (1) we may write 
— — 
AC=k CB 
ies, C-a=k(b-o), 
where a, b, c are the position vectors of A, B,C with reference 
to O, 


at+kb 
1+k vi (2) 


whence ¢= 


Corollary 1. If 4=m/n then ¢=(mb+na)/(m+n). 
e.g., + (2a+3b)=c implies that the point C divides 
AB in the ratio 3 : 2. 
Corollary 2. If k=1, then c=4}(at+b); C is then the 
mid-point of AB. 
e.g., the midpoints of BO, CA, AB of a AABC are $ (b+c), 
%(c+a), $ (a+b) respectively. 
Corollary 3. The result of Cor. 1 may be restated as 
n OA+m OB=(m+n) OC 


where C divides AB in the ratio m:n. This form of the result 
will be sometimes useful. 


1°72. Two important theorems on Section ratio. 


Theorem 1. The necessary and sufficient condition for three 
distinct points A, B, C to be collinear is that there should exist 
three scalars x, Y, z, not all zero, such that 


eatyb+zc=0; r+y+z2=0 wx 3h) 
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where a,b, ¢ are the position vectors of the points A, B, O respec- 
tively referred to a chosen origin. 


Proof. The condition is necessary. 


Suppose A, B, C are collinear. Then C must divide AB in 
some ratio m :n (positive or negative); also m/n #0, œ or 
—1 and so m,n, m+n are not zero. Hence we are justified 
to write 

_mb +na 
mtn 
or, —(m+n)c+mb+na=0 ene) 


Put w=n, y=m, z= —(n+m) then both relations of (1) will 
follow. Thus if we assume the collinearity of a, b, ¢ then there 
exist scalars x, y, z, not all zero such that the two relations 
of (1) hold. 


The condition is sufficient. 


Now we assume the relations (1) to hold. Since 2, y, z are 
not all zero, we may take one of them not zero (say z Æ 0). 
Then on dividing rat+yb=-ze by x+y=—z we obtain, 

vatyb _ 
uty 
this shows that ¢ lies on the join of a and b and divides the 
segment in the ratio y:. In other words, the three points 
a, b, ¢ are termino-collinear. 

Note. The symmetrical relations (1) disclose how each point divides the 
segment formed by the other two. Thus writing 
aYbtec, 5, _wartec 

yrs? ute 
we conclude that a divides the join of b and ¢ in the ratio z: y and b divides 
the join of c and a in the ratio x: z, the product of the three ratios yle, 


p 


a 


zly, w/z being 1. 

Theorem 2. The necessary and suficient condition for four 
points A, BeO, D, no three collinear, to be coplanar is that there 
should exist four scalars, x, Y, z, t, not all zero, such that 

vatyb+ze+td=0; et+y+z2+t=0 se (1) 
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where a, b, ¢, d are the position vectors of A, B, 0, D respectively 
relative a chosen origin O. 


Proof. The condition is necessary. 

Suppose A, B, O, D are four points, no three collinear. If 
they aro coplanar then we can always select two of them whose 
join would divide the join of the other two at some point—for 
definiteness, say AB divides CD at P. Suppose further that P 
divides AB in the ratio m : n and OD in the ratio p:q. Then, 
using the notations for position vectors, we may write 


_natmb | 


=ge+pd ee 
Rem (2) 


atp 
where m/n, plq are neither 0 nor —1. Hence, from (2), we get 
by equating the two expressions for p, 


m m ERY VAR S ave 
ntm oe en y aqtp $ ETE i ®) 
Taking & =n/(n +m), y=m/(n+m), z= — ql(q+p),t= - plla+ p), 
we get the relations (1). Thus for four coplanar points a, b, c, d 
there exist scalars, not all zero, such that the relations (1) are 
true. 
The condition is suficient. 


Here we assume the relations (1) and observe that one, at 
least, of at+y, 2+t, ott is not zero, for if they were all zero, then 
‘we would have s=y=z=t=0. Thus we may assume zt+t + 0. 
Then z+t=-(æ+y) and on dividing wa+yb=—(ze+id) 
by (w7+y) and —(z+t) we get 

ratyb _zetid _ 


atu abe eee 


_ This proves that there exists a point P which divides AB in 
the ratio y: wand OD in the ratiot:z. In other’ words, AB 
intersects CD at P i.e. four points. A, B, C, D are coplanar. We 
sometimes call them termino-coplanar. 


of a triangle ABC, prove that 
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Note that even if z+#=0 (and hence 7+y=0) we have 
x(a—b) = — t(e- d) =t(d —-¢) 


— — 

0.0.5 « BA=t CD, 

iels AB and CD are parallel and four points are again 
coplanar. 


Note. If four points A, B, C, D form a plane quadrilateral then there 
exist relations of the form 
ga+yb+ze+id=0; r+y+z+t=0 


whence, if œ+z + 0, then 
wat+ze_yb+td _ 
ats ytt ¢ (say) ; 
this discloses that Q divides AC in the ratioz:aand BD in the ratio ¢: y. 


If AD and BC meet at R, how does R divide these segments ? 


Examples. I(A) 

1. Find the aus Raat of C if it divides AB in the 
ratio (i) 2:3; (ii) 2: 

2. Find the point which divides the join of p and q inter- 
nally and externally in the ratio 3 : 4. 

3. CD is trisected at P. Find the point of trisection. 

4, ABC is a triangle. D divides BC in the ratio l: m; G 
divides AD in the ratio 7+m:n. Find the position vectors of 
D and G. 

5. Suppose in Example 4, D is the midpoint of BC and G 
divides AD in the ratio2:1. Find the position vectors of D 
and G. (Gis then called the centroid of AABO). 

6. Prove that the line joining the midpoints of two sides 
of a triangle is parallel to the third and half of it. 

7. If D,E, F be the midpoints of the sides BO, 


=- > — 


AD+BE+0F=0 
and further, prove that the, 
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— — 
8. Show that if A4B=DC then the figure ABCD is a paralle- 
logram and prove that the diagonals bisect each other. 


9. Show, conversely that if the diagonals of the quadrilateral 
ABCD bisect each other then the figure is a parallelogram. 


10. ABCD is a parallelogram. P, Q are the midpoints of 
‘the sides AB and OD respectively ; show that DP and BQ 
trisect AC and are trisected by AC. 


11. If ABCD be a quadrilateral (plane or skew) show that 
the midpoints of its sides are the vertices of a parallelogram and 
the joins of the midpoints of the opposite edges bisect each other, 


‘12. We know that the internal bisector of any angle of 
a triangle divides the opposite side internally in the ratio of the 
sides containing the angle. Assuming this, show that the 
internal bisectors of angles of-a triangle are concurrent. 


13. P divides AB in the ratio m:n; Q divides AB in the 
ratio -m : nm. Then P and Q are called harmonic conjugates 
of A, B. Show that A, B are also harmonic conjugates of P, Q. 


14. The parallel sides AB, CD of a trapezoid are in the 
ratio w:y. Prove that AC, BD divide at F (say) in the same 
ratiow:y and that AD, BC divide at Æ (say) in the ratio 
~a:y. Prove that HF produced bisects AB. Find also the 
ratio in which AB divides HF. 


15. The points L, M,N divide the sides BC, CA, AB of 
a AABC in the ratios 1: 4, 8:2 and 3: 7 respectively. 


—> —> — > 
Provo that AD+BM+CN is a vector parallel to CK where K 
divides AB in the ratio 1: 3. 


16. The straight line joining the midpoints of two non- 
parallel sides of a trapezium is parallel to the Derai sides and 
half their sum. 

17. ABOD is a plane quadrilateral. The position vectors of 
its vertices satisfy the relation 2a+3b-ce-4d=0. Find the 
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ratios in which P divides AB and OD, P being the point of 
intersection of AB and CD. 

18. In the previous example, suppose AC and BD meet at Q ; 
AD and BO meet at R. Find the ratios in which Q divides AC 
and BD. Also find the ratios in which R divides AD and BC. 

19. ABCD is a quadrilateral. The diagonals AC and BD meet 
at P. The sides AB, CD meet at Q and BC, DA meet at R. 
P divides AC in the ratio 3 : 2, BD in the ratio 1:2. Find 
the ratios in which Q divides AB and CD, R divides BC and DA. 

20. If 3a-2b+ce-2d=0, are the points A, B, C0, D co- © 
planar ? Find the point P where AC and BD meet. In what 
ratio does P divide AC and BD ? 


Note. In what follows, a, b, ¢ denote any three non-coplanar vectors. 


21. Show that the three points 
a-2b+3¢, —2a+3b+2e, — 8a + 13b 
are collinear. 


22. Verify whether the three points 
a-2b+3e, 2a+3b-4e, - 7b +10¢ 


are collinear or not ? 
23. Show that the four points in the following two cases are 
coplanar : 
(i) Ga—4b+10c, —5a+3b-10¢e, 4a- 6b- 10c, 2b+10¢e. 
(ii) —a+4b—8e, 3a + 2b —5e, —8a+8b—5e, -3a + 2b +c. 
Note. Any point can be expressed as a linear combination of three 


non-coplanar vectors—this fact. has been assumed tacitly in Ex. 21, 22, 23. 
The justification will be found in art. 1°93. 


. Hints and Answers. 
. 
1. 3(8a+2b) ; 3a— 2b. 2. $(4p+3q); 4p- 3q. 
3. (e+ 24). 4, q= CE . gull mids na See mh ne, 
i+m+n i+m+n 


l+m 
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5. (b+c), {a+b+e). 6. With the notations of Ex. 7, d=4(b+e), 


— — 
e=}(c+a), t=ł(a+b). Hence DE=e-d=} (a—b)=4BA ; hence ote. 


— -> —> 
7. (i) AD=d-—a=h(b+e)—a; similarly obtain BE, CF’ and then add. 
(ii) On AD take a point G such that AG: GD=2:1 then g=}(a+b+e). 
Take a point G’ on BE such that BG’: @'E=2 : 1; then again 
g’=3(at+b+e). ey. for a point G” on OF such that CG": G 
=2 : 1 we obtain, g"=$(a+b+c). Thus there exist three points g, g', 2", 
one on each median which have the same position vector }(a+b-+c). 
That is, the three medians meet at this point, called centroid of the 
triangle. Further it proves that ‘centroid divides each median in the 
ratio 2:1. 


—> _ — — > 
8. (i) AB=DC gives b—a=c—d; or d—a=c—b ùe, AD=BC. Hence 
ABCD is a parallelogram. 
(ii) Again from b—a=e—d we construct }(a+e)=4(b+d) which will prove 
the second part. 


— 


9. Assume }(at+e)=3(b+d); now obtain b-a=¢-d i.e. AB= DC ; 
hence ete. 


10. p=4(a+b), q=4(e+d). Since ABCD is a parallelogram b—a=e—d 
whence b=a+ce—d; but 2p=a+b; it follows at+e—d=2p—a, or 3(2p+d) 
=}(2a+e) ; hence etc. 


11. Obtain the midpoints and show that they form a parallelogram 
whose centre is {(a +b +e +d). 


12. We denote the lengths of sides by a, b, c. According to the problem 
if the internal bisector of ZBAC intersects the opposite side BC at D, then 
ce+bb 


BD; DC=c:b and hence a OT Take a point Z on AD such that, 
AI: ID=b+c:a. Thon position vector of path tee, The symmetry 


gives the result. 


natmb, na—mb . 
13. p=——_— a asa hence deduce 2na=(n+m)p+(n—m)q ; 


Imb=(n-+m)p—(n—m)q. Thus A, B divide PQ in the ratios +(n— m) : (n+m). 


— — 6 
14, AB=(c/y) DO gives y(b—a)=a(e-d) whence it follows 118+ 


wet ya ang gata ad bee, 


= eka qo ye Now consider (xe-+ya)=(c+y)f; 
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Ns BPAY Tinh _yatyb _(e+mt+(u-a)e, 
(—xe+yb)=(y—a)e. Eliminate e and deduce k By aera) 
Thus k divides AB in the ratio 1:1 and EF in the ratio y+a: y—w ; hence 
ete. 
EA ; 4 Qa+3b_e+4d aor $ 
17. Writing the given relation as ans ra a that P divides AB in 
the ratio 3 : 2 and CD in the ratio 4:1. 
18. -} -$; -3, -h 
19. p#2(2a+3e)=4(2b +d) whence, 6a—10b+9e—5d=0. Now proceed as 
in Ex. 17. 
20. 1:3and1:1. 
21. Denote three points by p, q, T. Now see that 2p+(—3)q+r=0 where 
the sum of the coeff. is equal to zero ; hence they are collinear. 
22. They are collinear. 
23. (i) Verify 83p+2q—2r—3s=0 where sum of coefl.=0; p; q T, 8 being 


the four given points. 


1'8. Linear combination. 
DEFINITION. If a vector r can be expressed as 
r=catybt+zet:, 
where a, b, €... are a finite number of vectors and L,Y, 2)... are 
scalars then r is called a linear combination of the set of vectors 
8, Dy C5500: 
Illustrations. (i) If a and b are collinear then we know b= aa. 
Thus b is a linear combination of a. 
(ii) Any vector ¢ coplanar with a and b can be written as 
c=cat+yb (art 1.9). Thus ¢ is a linear combination of 
a and b. 
(iii) Any vector d can be expressed as d=aa+yb+ze where 
a, b, c are any three non-coplanar vectors (art 1.93). Thus 
d is a linear combination of a, b, €. 


1'81. Linedrly dependent and independent system of vectors. 


Durfnition. If the scalars £, Y, z,..., not all zero, exist such 
that vat+yb+zet+-:-=0 
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` then the set a, b, ¢,... of vectors is said to form a linearly depen- 
dent system of vectors ; otherwise they form a linearly independent 
system. Thus if a, b, ¢,... form a linearly independent system 
then i 

ta+yb+ze+= =0 


will imply p=y=z= =0. 


Illustrations. (i) If aand b be two collinear vectors then we 
may obtain b-wa=0, where x is some non-zero scalar. Thus 
a and b are linearly dependent. 


(ii) For three coplanar vectors a,b, ¢ we may write e- va- yb = 0 
i.e, a, b, c are linearly dependent. 


(iii) For any four vectors a, b,c, d we have always a relation 
of the form d-wa-yb-ze=0. Hence four vectors are 
always linearly dependent. 


(iv) Two non-collinear vectors a and b are linearly independent, 
because the relation va +yb=0 would imply 7=0, y=0. For, 
if x Æ 0, then a= (-— y/x)b which would imply the collinearity 
of a and b, a contradiction to our assumption. Hence «=0, 
similarly y = 0. 


(v) Three non-coplanar vectors a, b, ¢ are linearly independent, 
for the relation wat+tyb+ze=0 would imply «=0, y=0, 
z=0. If ¢ #0 then a=(-y/z)b+(-2/x)e which would 
imply the coplanarity of a, b and c, a contradiction to our 
assumption. Hence @=0. Similarly y=0, 2=0. 


(vi) Any four or more vectors always form a linearly dependent 
system. 


1°9. Resolution of a vector : Coplanar vectors. 


Theorem. Suppose a and b are two non-collinear vectors. 
Any vector ¢, coplanar with a and b can be expressed að a linear 
combination of a and b. 


ws 
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Proof. Take O as origin and suppose (Fig. 1.14) 


— — — 
OX=a, OY=b, OP=c. 
The lines OX, OY and OP are Y 
supposed to be coplanar. With 
OP as diagonal and adjacent sides 


along a and b we construct a B P 
parallelogram OAPB. Then 


— mea yb 
0A= zga, OB=yb yb 
(x, y are suitably chosen scalars). 
whence, ; 0 Za A as 
= — => S —> 
OP=0A+AP=O0A+0B=rzat+yb Fig. 1.14. Resolution of a vector 
ila c=ga+yb. mapane 


Uniqueness. This resolution of ¢ is unique since only one 
parallelogram with OP as diagonal and adjacent sides along a and 
b can be constructed. 


Alternative Proof for uniqueness. If possible, let c=2'a+y'b. Then 
watyb=a'atydb ien (c-a')a=(y'—y)b which shows that a and b are 
collinear, a contradiction to our assumption, unless «—a'=0 and y—-y'=0 
[see art, 1.81 Ilus. (iv) J. 


Corollary. If a, b,/c are coplanar, they form a linearly 
dependent system ; they form a linearly independent system if 
they are non-coplanar. 


1°91. Codrdinates of a el alone vector. 
Take O as origin and suppose 
— — 
OX=a, OY=b. 


We haye noted that the position vector of P with reference 
to O is given by 


OP =ga+ yb (a, y are suitable scalars). 
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pare 
We call za, yb the components of OP along a and b respecti- 
vely ; the scalar coefficients x, y are called Afine codrdinates of 
P. In particular, if å and D are unit vectors along a and b and 
=> 
OP=2,4+ yb, 


then (æ, Y1) are called the Cartesian codrdinates of P, the 
directions Aand b being known as the aes of codrdinates. 


When the angle between a and D is 90° we call the codrdinates 
to be rectangular—otherwise, they are oblique. It is customary 
to use the notations i and j for the unit vectors along the two 
axes OX, OY in rectangular cartesian system of coördinates 
(Fig. 1.15). Thus if 

Mel 
OP=a, i+ 91), 
we say that the rectangular cartesian codrdinates of P are (a4, ys)» 
— 
In fact, we may identify the vector OP with the aggregate of two 
numbers, taken in order and write 
— 
OP= (wi, Yı) ; 
(wy, y1) are also known as coördinates of the two dimensional 
—> 
vector OP. According to this notation, 
i=(1, 0); j=(, 1); 0=(, 0). 


From the definition of a two-dimensional vector as an ordered 
pair of numbers wo have the following operations defined by 


Addition: (1, y1) + (t2, Yo) = (T1 + 2a, Yı + Yo). 
Subtraction: (01, y1)— (#2, Y2) = (21 =a, Y1 = Ya). , 
Scalar multiplication: (a, y,)=(kea,, kyi). 


Equality: (%4, y,)=(ae, yg), if and only if wy =@e, Y1 = Vo- 
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Section Ratio. If c=(z,y) divides the join of a=(zs, Y1) 

and b=(aa, Ys) in the ratio &:1 then 
(21t kta, th ts) : ( die) unas eb 
(e, v) ( ER 1+k }’ Capea 
giving two familiar scalar equations 
ty this, „Y1 tkua 
fee IR IFK 

which are the coördinates of a point dividing the ségment whose 
ends are (x4, Y1) and (ae, ye) in the ratio k : 1. 


1°92. Geometric Interpretations of Algebra of ordered 
numbers. 

We next consider the converse problem. Suppose we define 

a vector ¢ as an ordered pair of numbers, say 
e= (zi; Yı). 
What geometrie significance can be associated with it? We 
agree to locate a point P whose coördinates are (£1, yı) veferred 
to a pair of axes (usually, rectangular) ; see Fig. 1.15. We further 
=> 

agree to write OP=(e1, 41). Also any other parallel directed 


— — 
segment, say AB or GD whose projections are £1, Yı On the two 


axes may be supposed to correspond the pair (a1, Ya). 


B(ay4+%2,yi+yo) 


Fig. 1.15. codrdinates of a vector Fig. 1.16. 
(Two-dimensional) Sum of two ordered pairs 
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Geometric Interpretation of : 

(tis Y1) +(e, Yo)=(t1 + To, Yı + Yə). ee (1) 

In Fig. 1.16 we take (a, yı) the codrdinates of A with 
reference to the axes OX, OY and 2g, Yo as the projections of the 
segment AB on the axes. Then from simple geometric consi- 
derations it follows that the codrdinates of Bare (ta +t £o, Yı + Ya) 
so that k zY 

p 
OB=(x, + £a, Yı + Yə). 


Hence in vectorial notations, (1) becomes 
=> — — 


OA+AB=OB, 
which gives the familiar triangle law of addition of vectors. 
We may similarly interpret 
(a1, vs) =a, Yo)= (ti tas Ya — Ya); 
klti, Ya) = (kær, kya). 

Finally, we remark that the algebra of ordered numbers is 
entirely equivalent to vector algebra (based on the notion of 
directed segments). Moreover it is free from the concept of 
Geometry and readily lends itself to generalisations. 


1°93. Resolution of a vector in three-dimensional space. 

Theorem. Jf a, b, © are any three non-coplanar vectors 
then any vector r can be expressed uniquely as a linear com- 
bination of a, b, €. 


Fig. 1.17—Resolution of a three-dimensional vector. 
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Proof. Take O as origin (Fig. 1.17). 
— — — — 
Let OX=a, OY=b, OZ=c, OP=r. 
With OP as diagonal construct a parallelopiped with edges 
along a, b, €. 
— 
Now OA= = 28, OB= yb, 0c= £0; via x, y, z are suitably 


=- => ee 


chosen TA Then, OP=O0A+ AP’ +PP P so that 
-> —> —_ 


r=0A+0OB+0C=zatyb+ze. 


This shows that r is a linear combination of a, b, €. 


Uniqueness. This resolution is unique since only one paral- 
lelopiped haying OP as diagonal and edges along a, b, © can 
be constructed. 

Alternative Proof of uniqueness. If possible, let r=z'a+yb'+2'c, 


then from 
gat+yb+ze=c'aty'b+z'c 


it follows, (w—a') a+(y—y') b+(e—2') e=0 
which shows that they are coplanar, a contradiction to our assumption 
unless a—a’=0, y—y'=0, z-2'=0 [ See art. 1°81, Illus. (v) ] 


Corollary. Any four vectors are linearly dependent. 


1'94. Codrdinates of a three-dimensional vector. 
Take O as origin and suppose (Fig. 1.17) 
=> — —> 
OxX=a, OY=b, OZ =c¢. 
We have noted that the position vector of P with reference to (6) 
as origin is given by 


2 
OP=zxa+yb+ze (x, y, z are suitable scalars). 


. — 
We calb za, yb, ze the components of OP along a, b, ¢ 
respectively ; the scalar coefficients 7, y, z are called Afine 
coördinates of P. 
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In particular, if â, D and @ are unit vectors along a, b, c 

and if 

— A 
; OP=2,Aty.b+21é 
then (a4, Yis zı) are called the cartesian codrdinates of P with 
reference to the directions å, D, è as axes of coördinates. If the 
three directions are mutually perpendicular (Fig. 1.18) then the 
coördinates are rectangular—otherwise oblique. 

Wo shall always consider rectangular cartesian coördinates 
unless otherwise specifically mentioned. It is customary to use 
the notations i, j, k for the unit vectors along three such axes 
of codrdinates OX, OY, OZ. 


aE 
Thus if OP=2,i+41j+ 21k then (w1, Ya» 21) dre called the 
rectangular cartesian codrdinates of Pi 


AR 
In fact wo may identify the vector OP with the aggregate of 
three numbers, taken in a determined order, and write 
— 
OP=(z;, Yis Z1)3 
(1, Yı, 21) are also called the codrdinates of the three-dimen- 
— 
sional vector OP. The fundamental vectors are then given by 
i=(1, 0, 0); j=(0, 1, 0); k=(,0, 1); 0=(0, 0, 0). 
Exactly as in art. 1'91 we may define the following operations 
where vectors are defined by number-triples : ` 
Addition. (£4, Ya, #1) + (£a, Yas Za) =(@1 tTa, Yı Vos 21 + #2). 
Subtraction. (%4, Y1 zı)- (a Yes za) AL E Var 22 — Za) 
Equality. (£1, V1» 21) = (£a, Vos Za); if and only if 
© =e, Y1 = Vas 21 = Zee 
Scalar Multiplication. K(x, ya, 21) = (kira, kes, hz). 


Section Ratio. If c=(s, y, z) divides the join of a= (21, V1, 21) 
and b= (£a, Yo, Z2) in the ratio k:1, then 
(tithes, Yı tkys, 21 tkea), 
(y d= Ite Ltk  1Fk 
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Convention of Signs. We shall always consider the right- 
handed system of axes. OX, OY, OZ form a right-handed system 
of axes or a dextral system 
if a right-handed rotation of 
90° about OZ carries + OX 
intot+ OY. Such a rotation 
viewed from+OZ will be 
counter-clockwise (Fig. 1.18). 
This system will correspond 
to the direction of transla- 
tion of a right-handed screw. 

Thus a right-handed 
screw reyolved ina nut from Fig. 1.18. Codrdinates of vector 
OX to OY will move in the (three-dimensional) 
direction OZ. 


1°95. Geometric Interpretations of Algebra of number-triples. 

Suppose a vector r is defined as an ordered number-triples, 

say 
r=(24, Yi 21). 

What geometric significance can be associated with it? 
We agree to associate a point P with coördinates (4, Y1, 21) 
referred to a system of axes (usually, rectangular) ; see Fig. 1.18. 
We further agree to write 


at 
OP =(a3, Yay 21). 

Any other segment (not shown in the figure) having projec- 
tions %1, Y1, #1 On three axes will also correspond to the number 
triple (£1, Y1» 21). 

Different algebraic operations with number triples can be 
interpreted as in art. 1°92. 

Important Observations. If a, 8, Y are the angles which 
the line OP makes with OX, OY, OZ respectively (the system of 


3 
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axes being rectangular) then cos a, cos 8, cos Y are called the 
direction cosines of OP. They are frequently denoted by l, m, n 
respectively. If OP=r, then clearly 
w, =r cos a=lr ; yy =r cos B=mr ; Z1 =r COS yenr + (1) 
Thus the codrdinates of the vector are (rl, rm, rn) =r(l, m, n). 


The wnit vector in the direction of OP is 
sabes Op= a (lr, mr, nr) = (cos a, cos B, cos ¥). 
OP r 
Tt is to be noted that the square of modulus of OP 
= OP* =r? =g +y +24" 
whence it also follows from (1), 
P+m* +n? =1, 


an important relation of direction cosines of a line. 


Examples. I(B) 


1. If a=(1, —2, 8), b=(-2, 3, -4), find a+b, a-b, 
3a+2b, 3a—2b. 


2. Proye that a=i+3j+5k, b=2i+6j+ 10k form a linearly 
dependent system. 


8. If a=(1, -2, 3), b=(-2, 3, -—4), c=(0, -1, 2), show 
that they form a linearly dependent system. 

4. If a=(1, -1, D b=(-1, 1, 1), e=(, 1, 1) and 
d=(2,-3, 4), show that 7a+2b-—c-2d=0. Are tho four points 
coplanar ? 

5. ABC is a triangle ; D, H, F are the mid-points of the sides 


S50 es aS 


BO, OA, AB respectively. Express AD, BH, OF as linear com- 


=> — 
binations of a`and b where AB=a, AC=b. Deduce that 
=> = +s 


AD+BE+CF=0. 
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— -s < 
6. OABC is a tetrahedron ; OA =a, OB =b, OC=c. Express 
-—> — — 


BO, CA, AB in terms of a, b and c. 
7. ABCD is a parallelogram whose diagonals are AC and BD. 


=> > > > > > 


Prove that AO + BD=2B0 ; 40- BD=2AB. 


— — 
8. ABCDEF is a regular hexagon; AB=a, BC=b. Express 
the remaining sides and diagonals in terms of a and b. 
9. Find a linear relation between the: system of vectors 
6a—4b+10ce, — 6a + 4b — 10c, 4a — 6b — 10c, —2a+3b+ 5e. 
10. Find the lengths of sides of the triangle ABC whose vertices 
have the position vectors A(3, 4, 5); B(4, 3, 2); C(8, 6, — 3). 


=> > S 
Find the direction cosines of AB, BC and CA. 
11. Three points whose position vectors are 
A(2, 4, —1) ; B(4, 5, 1); C3, 6, —3) 
form a triangle ABC. Find the lengths of the sides BC, CA, AB. 
Hence prove that the triangle is an isosceles right triangle. Find 


also the direction cosines of BC, CA, AB. 
12. Similar problem as No 11 with 
A(0, 7, 10) ; B(—1, 6, 6); C(-4, 9, 6). 
13. Show that the three points whose position vectors are 
A(=2, 8,5); B(L, 2, 8); C(7, 0, —4) 
lie on a line. 
14. A(3, 2, 0); B(5, 3, 2), O(—9, 6, —8) form a triangle ABC. 
P, Q divide the side BC in the ratio £3: 2. Find the position 
vectors of P, Q. Find also the direction cosines of AP and AQ. 


15. In the previous example, suppose AD, the bisector of the 
angle BAQ, meets BO at D. Find the codrdinates of .D. 

16. Two vectors a=(a;, ds, 3), b= (b1, bs, ba) are collinear. 
Show that a,:6,=G,:6b,=G3:b3;. Use this result to show 
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that the points whose position vectors are A(2, 5, —4), 
B(1, 4, -3), O(4, 7, —6) are collinear. In what ratio does B 
divide AC ? Take a point D on AC so that B and D are harmonic 
conjugates to A, C. Find the position vector of D. 


17. Similar problem as No. 16 with 
A(5, 4, 2); B(6, 2, -1), O(8, -2, - 7). 


18. Show that the four points whose position vectors are 
A(4, 8, 12) ; B(2, 4,6); C(3, 5, 4) ; D(5, 8, 5) 
are coplanar. 


19. Show that the four points 
A(6, - 7,0); B(16, - 19, —4); C(0, 3, -6) ; D(Q, 5, 10) 

are such that AB and CD intersect at the point P(1, -1, 2). 

20. If a=(a1, ae, a) and b=(b;, ba, bs) be the position 
vectors of A, B respectively find the point C on AB (produced) 

` such that AC=3AB and a point D in BA (produced) such that 

BD=2BA. 

21. Show that the centroid of a triangle whose vertices are 
(Gre br; Or) ; r=, 2, 3 is 

[Sla + Ge +s); tlbi +b, +ba), Flor teat ca)]. 
22. The position of P is given by the vector 3i+12j+4k. 


eee 
Find the direction cosines of OP. 


Hints and Answers 


1. a+b=(1-2, -2+8, 3-4)=(-1, 1,-1); a-b=(38, —5, 7); 
3a+2b=3(1, —2, 8)+2(-2, 8, —4)=(3, —6, 9)+-(—4, 6, —8)=(—1, 0, 1); 
8a—2b=(7, —12, 17). 

2, 2a-—b=0; hence ete. 3. 2a+b-—c=0, 4. Not coplanar. 


-> 5 5 = -j — 


5. AD=AB+ BD=AB+i(BA+AC)=a—}a+4b=Ha+b). 


6. c-b, a—c, b~a. 8. Sides taken in order: b-a ; —a; —b;a—b; 
Diagonals : a+b ; 2b ; 2b—a ; 2h—a; 2b—2a ; b—2a ; b—2a; —2a; —a—b, 
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= 
9. p+qtr+2s=0. 10. BO=(3, 6, —3)—(4, 3, 2)=(—-1, 8, —5) and 
— ae —> “a —> ps 
hence | BO | = V35. Similarly | CA| = „68 ; |AB| = JTI. Direction cosines 
— 
of BC =(—1/ N35, 3/ v35, —5/ /35). Similarly others. 
11. Sides are J18, 3,3. Also BC?=CA*+AB*; hence isosceles right 


pes 
triangle. Direction cosines (—1/J/18, 1/\/18, —4/ J18) for BC, Similarly 
others. 


—> re => Ss 
18. Verify:| AB| +|]BC| =|AC|; also AB || BC. 
3e+2b —3e+2b = 
14, p= nea =}(—17, 24, —5), d= sg =: (—387, 12, — 13). Hence 


aes -5 
AP=}(—32, 14, —5); AQ=(—40, 10, —13). Now obtain the direction cosines. 


15. (38, 57, 17). By the condition of the problem BD: DC=BA: AC. 
— = 
Obtain | BA | =3, | AC | =13. Now use the formula of section ratio. 


16. (i) If a and b are collinear then it is possible to write a= kb, ZA 
(a1, 42) a3) = (kbi, kba, kba). From the definition of equality of two vectors 
we get a,=hkb,, As =kbs, &s=kb, ; hence ete. 


— — — — — 
(i) AB=(-1, —1, 1), AC=—2(-1, —1, 1) and so AC=—24B i.e, AC 


— 
and AB are collinear and clearly they are coinitial ; hence A. B, C are 


collinear. 


(iii) Tf the required ratio be X then b= 54 (ke+a) gives 


uf 4k+2 


1 
(1, 4, em (4k+2, Tk+5, —6h—4), whence 1=F tie, k= — 3° 


(iv) From (iii) it follows D divides AC in the ratio 1 : 3’and now obtain 
the codrdinates of D. 
47, 1:2; d=(2, 10, 11). 


18. If coplanar, then either AB and CD intersect or they are parallel, In 
fact, see that here exists a point P which is common to the lines AB and CD. 


20. AC: CB=-3:1; BD: DA=—2:1: hence proceed. 


22. (3/13, 12/13, 4/13). 
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ME 


1°10. Centroids. 


DEFINITION. If a, b, c, ...1 be the position vectors of 
m given points with reference to some origin O then the point G, 
whose position vector is given by 


OG= I (aD tote tI), 


is called the centroid (or Mean centre or Centre of mean position) 
of the given points. 


Generalised Definition. If a point P (whose position vector is p) 
be associated with a real number m, we speak of P as a weighted. 
point ; m is called the weight. 


Suppose a, b, c€, ...1 are the position vectors of n points 
relative to some origin O. We associate weights (i.e. real 
numbers) Mi, Mg;.-+..- mn (where m, +m + +mn #0), one 
with each point in the order in which they have been written. 
The point G given by ~ 


——> 
=0G= SiR k 4 
g My t Mat +MmMn Im 


is called the Centroid of the n weighted points (or Centroid of the 
given points a, b, €, ...l associated with numbers Mı, ma, .-.7n)s 


Corollary 1. If my =m,="''=my then we obtain the cen- 
troid of n equally weighted points ; this point is called the mean 
centre or centre of mean position or simply the centroid of the 
given points. 

Corollary 2. The centroid G of two given points a and b is 


ks 
given by OG'=4 (a + b) i.e, it bisects the join of a and b. 


Corollary 3. The centroid G of two weighted poiats a and b 


with weights p and q is given by OG=(pa +qb)/(p+q) ie, it 
divides the join of a and b in the ratio q : p. 


| 
| 
| 
| 
| 
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1'10°1. Theorems connected with centroids. 


Theorem1. The centroid of n given points associated with 
n weights is independent of the origin. 


Proof. With reference to an origin O, suppose the position 
vectors of n given points are a, b, ¢, ...1, and relative to 
a different origin O’ let their position o 
vectors be a’, b’, ce’, 1. Let the n = 
associated weights be Mi, Mo, Ms, 


Be: 
<M, Assume OO'=p. Then ob- 
viously (See Fig. 1.19), a’=a-—p. 


Similarly b’=b-p, c¢’=c-p, fo) 
Veale Fig. 1.19. Centroid indepen- 
dent of origin 


If G, G’ be respectively the cen- 
troids with reference to O and O' as origin, we have 
mya’ + mob! + mae + + Mal’ 

Mı tMg tMg +e +Mn 


— 
oœ = 


_ m1 (a—p) + me (b —p) tr + mn (1-p) 
My + Mgt tmn 


_m at mob +++: + mal _ 


m+ Mg +t + Mn 


=> 


= 0G-00'=0'0+ 0G=0'4. 


Thus G and G” coincide which proves the theorem. 


“Important observation. 

The theorem suggests that the position of G is unique. 
Thus relative to any origin the centroid of a set.of weighted 
points has a position vector that equals the weighted average of 
the given get of position vectors. 

Theorem 2. If G be the centroid of a system of points 
a, b, ¢,...1 with associated numbers X, Y, Z.-t and G be the 
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centroid of another system of points a,b’, ec’, ...V with associated 
numbers a’, y', 2’, ...t’ then the centroid of all the points of the two 
system is the centroid of the points G and G' with associated 
numbers etytete+tand a ty +z +e +t. 


Proof: Take O as the origin. Then for the first system 


Aga tatybt+ zor +i _ 5ra a 
oa Aa ni on A s AASTA 5v (1) 
Similarly, for the second system of points 


Pei Xx'a' Wea ots 
C= (2) 


The centroid H of the two points G and G’ with associated 
numbers Xg and Sa’ will be given by 


OH= 5r. sz.0G. + 0'.0G@’ _ _ saat Se’ a’ 
Set 5a’ 


-> —> 
(C7 by (1), OG.3x=S2a and by (2), OG'.3a' = 5x'a') 


The last relation shows that H is the centroid of the combined 
system of points. 


Corollary. If a number of sub-systems are given, the centroid 
of the combined system of points may be calculated by consider- 
ing each sub-system to be a point (viz, its centroid) with 
associated weights Ya for that sub-system. 


Theorem 3. A linear relation of the form 
MP1 + MgPo + + Mnpn=0, ue UD) 
connecting the position vectors of points P,, Pa,... Pn will be 


independent of the position of the origin O when and only when 
the sum of the scalar coefficients is zero : that is, 


My + Meg ++ + mn =0. RANIA, 
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Proof. As in Theorem 1 change the origin from O to 0’. 


; => — —> 
We write OP;=p;, O'P;=p';, 00'=d. We have then pi =d+ p'i 
Hence from (1) 
(ma met +mn) A mpa Map a + ++ + mMinp'n = 0 


which is of the same form as (1) if and only if (2) holds. 


Corollary 1. Such linear relations for two points will imply 
that the points are coincident ; for three points they will mean 
that the points are collinear and for four points, that they are 


coplanar, 


Corollary 2. A set of n weighted points pi with weights 

mi (t=1, 2, 3)... n) which satisfy a linear relation 
Sm; pi=0, Sm; =0, 
independent of the origin, has the intrinsic property that any 
point of the set is the centroid of the remaining points. For 
example, 
MP2 + MsDs +e + MnPa, 
: z Mg +M +*+ Mn 

Such sets are called self-centroidal sets. Theorems 1 and 2 of 
art. 1'72 furnish examples of self-centroidal sets. 


1°10°2. Centre of mass. 

In our previous discussions the weights were supposed to be 
veal numbers, but in applications they may be any scalar 
quantity like length, area, volume, mass etc. Thus the notion 


of centroid of weighted points helps to correlate a number of 


different situations. 

(1) The centre of mass of a number of particles of masses 
Mi, Ma, Mg,» Situated at points a1, Ae, ås, respectively is the 
centroid of these points associated with numbers Mi, Ma, Ms»; 
If we denote the centre of mass (c.m.) by a, then 

- _ sma 5 
a="Sin eet) 
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(2) Suppose now a system of like parallel forces whose magni- 
tudes are proportional to the masses Ma, Ma, Mg,... act at the 
points a1, a2, Ag,... respectively. 


The point, where the resultant force acts is called the centre of 
gravity of the system of particles. It can be shown that the 
centre of mass (c.m.) as defined before coincides with the centre 
of gravity (c.g.) of the system of particles. 


Being a centroid, the c.m. (and c.g.) is independent of the 
origin. Also if the system of particles be divided into n sub- 
systems the c.m. of the whole system is the c.m, of m particles 
placed at the c.m. of each sub-system and in each case mass being 
equal to the total mass of the sub-system. 

Take a system of axes (not necessarily rectangular) with O as 
origin and let the unit vectors along them be å, b, é. Then, the 
position vector of a particle of mass m is given by 

a=rA+ yb +26, 

where (a, y, 2) are the codrdinates of the particle and the 
position vector of the c.m, will be 

a=eaty b+z%, 
(@, y, 2) being the coordinates of the c.m. 


Then from (1), z A+7 b+zo—LMeAt ub + 26), 


=m 
Hquating the components of two equal vectors, 
ee UL z= my, z= mz, 
Im Im 


These equations determine the position of centre of mass. 


(8) Centroid of area, centroid of volume or more generally 
cm. of a continuous distribution of matter are defined almost 
from the same principle. We discuss one of them, say the 
centroid of area, ’ 


We divide the surface of any figure into n small elements. 
Consider one point in each element. With each point, associate 
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a number proportional to the area of that element. These points 
with assigned associated numbers will have a centroid, say G. 
If now n> so that each element will approach to a point. The 
limiting position of G will now be the centroid of the area of 
. the figure. = 

For defining the centroid of volume, we are to consider a solid 
figure and replace the term area by volume’ Inthe general case, 
wo shall consider either a surface distribution or a volume 


distribution, 


Examples. I(C) . 


1. The centroid of the vertices of a triangle trisects the 
medians. . 

2. Let the points P, Q, R divide respectively the sides 
BC, CA, AB of a triangle ABO in the ratio k:1 in every 
case. Prove that the centroid of P,Q, Rk will coincide with 
that of A, B, C. 

3. Masses proportional to 1, 4, 6, 8 are placed respectively 
at the extremities of the vectors a, b, c, d which conform to 
the relations 5a + 2b +18c=0 and a-5b-12d=0. Prove that 
the mass-centre coincides with the origin of vectors. 


4, Find the centroid of the 3n points : 

DA E AE nis j, 2i, 3hrs nj; k, 2k, 3k,...... nk. 

5. Particles of equal masses are placed at (n- 9) of the 
corners of a regular polygon of n sides. Find their centre 
of mass. 

6. A line AB is bisected at Pı, PaB at Ps, PB at Ps and 
so on, ad infinitum ; and particles of masses m, 4m, tm, $m,... are 


placed at the points Pa, Ps, P ats ORK that the distance of 
their centre of mass from B is equal to one-third of the distance 


from A to B. 
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7. Find the centre of mass of particles of masses 1, 2, 8, 4, 5 
6, 7, 8 gms. respectively, placed at the corners of a unit cube ; 
the first four at the corners A, B, O, D of one face and the last 
four at their projections A’, B’, CO’, D’ respectively on the 
opposite face, 3 

8. Three points A, B, C are given by (5, —3, —4), (2, - 3, 
-1) and (2, —-3, 8). Wind their centroid. Also find the centroid 
if masses 4, 5, 3 respectively be associated with them. 


—> 
9. A,B, (r=1, 2, 3,... n) are n vectors and my be n real 
numbers such that Sim,=M. “Prove that 
_ —> 
Imr AyBy= MGG', 
where G is the centroid of the points A, withsssociated numbers 
mr and G is the centroid of B» with associated numbers mp. 


10. Let A, B, C, D be the vertices of tetrahedron and P be 
their mean centre. If A’, B’, O’, D' are the mean centres of the 
triads BCD, CDA, DAB, ABC show that P divides each of the 
segments 4A’, BB’, CO’, DD’ in the ratio 3: 1. 


Hints and Answers 


< —> 
1. If @ be the centroid relative to the origin O then OG=}§(a+b+ ce) 


ae r, ess b+e 
where a, b, c are position vectors of the vertices. Writing OG=}|a+2- 2 


it is easy to see that’ G is the point of trisection of the medians. 
ke+b  _kat+e | _kb+a 


GED eee ELE Now see that }(p+qtr)=}(at+b-+e) ; 


2, p= 


hence eto. 


om 
8. OG=y, (a+ 4b+6e+8d)=0 (using the given relations) ; hence etc. 
a MED tjt). 


5. If there were masses at all corners, the c.m. would be she centroid O 
of the polygon. Suppose the vacant corners are A and B where equal masses 
have been placed in order to get the c.m, at O. Now the c.m. of equal masses 
at A and B will be at N, the mid-point of AB. 
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Suppose the required c.m. be at G. Let a, b, ¢ be the position vectors of 
0, N, G. Then 
ye 2b+(n—2e na—2b_ 


f= on ; whence Ear 


Thus the required.point G lies on the join of O and N so that NO: OG 
== 27.20 

7. Take A as origin. The position vectors of A, B,C, D; A', B’, C', D' 
are respectively (0, 0, 0), (1, 0, 0), (1, 1, 0), (0, 1,0); (0, 0, 1), (1, 0, 1), (1, 1, 1), 
(0, 1, 1). 


= 1-(0, 0, £0) +2(1, 0, 0)-+++-+8(0, 1, 1), 
1424-48 


ay 
GA 
position vector of G=(4, 13, 1% 
8. (3, —3, -3); (8, —3, —1). 
Summary of Chapter 1. 


1. A Vector is a directed line segment: A directed line 
segment has three characteristics—length, support and sense. 
Length of a is denoted by |a] or by a. 

2, Two vectors are equal if they have same length and sense 
but same or parallel supports. Vectors that conform to this 
definition of equality are free vectors. If their supports are 
always confined to a definite line then they are called line vectors. 
Two line vectors are equal when and only when they have the 
game length and same sense and lie on the same support. 


3. A null vector (or zero vector) 0 has length zero but no 
definite direction while a proper vector has a definite length and 
direction. A vector of length unity is called a unit vector ; unit 
vector of a is denoted by A; |&]=1and å has the same direc- 


tion as a. 
4. Two vectors are collinear if they have the same or parallel 


supports. 
5. Vectors are added by triangle construction (Fig, 1.8). 


Vector addition is 
commutative: at+b=b+a, 
associative: at(b+e)=(at b) +e. 
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6. The negative of a (denoted by —a) is a vector of same 
length as a but of opposite direction. 
7. The difference of two. vectors is defined A 
=a+(-b) 
or by em 

8. Vector equations : 
at+x=b gives x=b-a 
at+b=0 gives b=-—a. 

9. Scalar multiple of a vector : 
If m > 0, +ma has f enera me 
direction +a 


whence, mlna)=(mn)a ; (m+n)a=ma+na ; 
m(a+b)=ma+ mb. 
10. Vectors may be added, subtracted and multiplied by 
‘scalars in conformity with the laws of algebra of real numbers. 


11. Two vectors a and b are collinear if and only if a suitable 
scalar æ can be found such that a= gxb. 


12. With respect to an origin O, any point P of space is deter- 


— — 
mined by its position vector OP (p). Any vector AB may be 
expressed in terms of the position vectors of its ends : 

> > — 

AB=OB-OA=b-a. 

13. If A, B, C are points of a straight line, Cis said to divide 
‘the segment AB in the ratiok:1if AC=kOB; whence the 
position vector of C relative to an origin O is given by 
atkb. ea matnb 
1+k’ m+n 

14. Three distinct points a, b, e will lie on a Jine when and 
only when, there exist three numbers x, y, z not all zero, such that 


c= if k=” 
m 


aat+yb+z2e=0, e+y+2=0, 
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15. Four points a, b, ¢, d, no three collinear, will lie in a plane 
when, and only when, there exist four scalars v, Y, z, t, not all 
zero, such that 


vatyb+ze+td=0; et+yt+2+t=0. 


16. If we adopt a right-handed sot of rectangular axes O ~ xyz 
asa system of reference (Fig. 1.18), any free vector r may be 


ER 
shifted to become the position vector OP with its initial point at 
the origin. Then, if P has the rectangular coördinates (æ, y, 2) 


CH 
we say r= 0P has the components x, y, z along the directions of 
the axes. Ifi, j, k denote unit vectors in the positive directions 
of æ, y, 2 we have 

r=ait+yj+ ck. 


17. r is completely known by its components (, y, 2), 
a number-triple written in a definite order. Thus we may regard 
number-triple as a vector and write 
r=(a,¥, 2) 
where |r|*?=a2+y2+27; the direction of r is given by its 
direction cosines: x=I\r] cos a,y=|rl cos £, z= |r| cos”. 
18. In the language of number-triples : 
0=(0, 0, 0); i=(1, 0, 0); §=(0, 1,0); k=(0, 0, 1). 
If a=(a1, Gay Gs), b=(0,, be bs) then 
atb=(a,+b;, Ge, tbo, dg tbs) ; 
a-b=(@,-b1, Ga — ba, @s— bs) ; 
ka= (kai, kas, kas) ; â= (cos a, cos B, cos y). 
19. The centroid G of n weighted points P; with weights 
mi (i=1, 2)... n) is defined by 
2 <> AMP . 
oG Smi ` 


p; is the position vector of P; relative to O. 
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The centroid G of n equally weighted points P; is called their 
mean centre or simply centroid of the given points given by 


5G = EB. 
n 
20. (i) The centroid of a set of points (or a set of weighted 
points) is unique in the sense that it is independent of the 
origin : relative to any origin it has a position vector 
that equals the weighted average of the given set of 
position vectors. 


(ii) In finding the centroid of two or more sets of points, 
each set may be replaced by its weighted centroid. 


21. A linear relation 
MPa + MoPo t+ + Tinpn=9, 


connecting the position vectors of the points P1, Po,...Pn will be 
independent of origin if and only if the scalar coefficients is 
ZETO 4.é., 


M+ me +++ + n= 0, 


For two, three and four points such linear relations have the 
respective meanings : the points are coincident, collinear and 
coplanar. 


For more than four points the relation will mean that any 
point p: of the set is the centroid of the remaining weighted 
points (provided m; # 0). 


2 


Applications of Elementary Operations : 
Geometrical and Physical 


2'1. Parametric equation to a straight line. 


A. To find the vectorial equation of a line which passes through 
a given point and is parallel to a given vector. 


Suppose the given line is parallel to the vector b and passes 
through a point A (whose position vector relative to an origin O 


is a). Let P be any point on 
C b D 


the lino (Fig. 2.1). We denote — —_—___—_— 
its position vector with refer- A th P 
ence to O byr. Since P may 
be any point on the line, we a A 
call r the current vector. 
Fis 0 

The vector AP is evidently 

parallel to b and hence can be ES Farani euuenen 
of a line 


expressed as th where ¢ is a 
real number (positive or negative according as P is on the right 


or left of A). Hence 
= — — 
r=0P=04+4P=a+tb. ARAC 

Now observe that for any real value of ¢ there corresponds 
a point P on the line and conversely, any point on the given line 
has a position vector given by (1) for some value of t. Thus we 
speak of (1) as the vector equation of the line ; ¢ is called a 
scalar parameter and this form of the equation is called para- 
metric form. 

Corollary 1. The equation of a line passing through the 
origin and parallel to b will be r=tb. For, A coincides with O 
so that a=0. j 


4 


50 APPLICATIONS OF ELEMENTARY OPERATIONS 


Corollary 2. If with reference to a set of rectangular system 
of axes through O, the codrdinates of P and A be respectively 
(x,y, 2) and (a1, do, @s) and if the vector b=(b,, ba, ba) then 
(1) will give 

(a, Y, 2)-(a1, Gay as)= tbs, be, bs) =(tb,, tbo, tbs) 
and hence, 
D— Ay _Y— Gg _2- Gg _ st 
ES aes ee (2) 
which is the familiar equation (of three-dimensional geometry) 
toa straight line passing through the point (æi, ds, @3) with 
direction cosines proportional to (b1, bs, bs). 


B. To find the vector equation of a line passing through two 
given points. 


With reference to Fig. 2.2, let A and B be two given points 
whose position vectors relative 


A b-a B 
: £ to Oarea and b. As before, 
let P be any point on the line, 
a OT . 
5 its position vector being r. It 
a -> 
0 is clear that AB=b-a, We 
Fig, 2.2. Equation of a line may now consider this problem 


through a and b as to find the equation to a line 


passing through the point a and parallel to vector AB, Hence, 
its equation will be 


r=a+t(b—a) 
or, r=(1-d)a+tb. eee (8) 


Writing 1-t=s, the required equation may also be written 
in the form : À 


r=sa+(1—-s)b. “r+ (4) 


Corollary 3. If A and B have the codrdinates (a1; Go, Gs) 
and (b1, be, bs) respectively with reference to a set of rect- 
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angular axes (origin O) and (a, y, z) be the codrdinates of P, 
then (8) reduces to 


(a, Y, 2) = (Ql a D(a, Gay Gs) EF tx, ba, bs), 


Laas Y-a Z—@s _ 
= Z em Sy 
by-41 baas bs- üs 


whence, 


the familiar cartesian equation to a line passing through two 
points (a4, de, Gg) and (b1, be, Dg) 


An Important Note. 
It we re-write the equation (3) as 
(i-fat+th—-r=0, 
we find the sum of the scalar coefficients viz., (1-#) +¢+(-1)=0. 
Thus, for three points A, B, P to be collinear, it is necessary 
that there should exist a linear relation, where the sum of the 
scalar coefficients is zero. 
This conditon is also sufficient. 
For if we assume a linear relation 
zat+yb+zr=0, where et+y+z=0, 
then we may construct 


Ya 2 y z 
= =- Yp- tan b+ a 
A z? z ety! rty 


=th+(1-da; 
where t=y/(e+y). This implies that the three points are colli- 


near. 


This is the alternative proof of Theorem 1 of art. 1°72. 


2°2. Parametric equation of a plane. 


A. To find the vectorial equation of a plane which passes through 
a given point and is parallel to two given lines. 


With reference to,the origin O, let the position vector of 
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the given point A be a and let the position vector of any point P 
in the plane ber ge 2.3). Let the two given lines to which 
the plane is parallel are given by 
the vectors b and e. Obviously 


ne 
the three vectors AP, b and ¢ are 
coplanar. Hence 


—_— 
AP=ib+se, 
where ¢ and s are suitable scalars. 
0 Thus, 
Fig. 2.3. Equation of a plane EE RAET AN 
through a and parallel to b and ¢ OP=0A+A4AP 
ie., r=a+tb+se * (1) 


For every point P of the plane, there exist some values of 
tands; and conversely. Further no point outside the plane can 
be represented by (1). Hence (1) is the required equation of the 
plane ; t and s are called parameters and r, the current vector. 


Corollary 1. To find the equation to the plane passing 
“through the origin and parallel to b and c, we put a=0 and 
obtain r=tb + sc as the required equation. 


Corollary 2. If OP= (x, y, 2), 8=(a1, de, @s), b=(by, ba, ds), 
€=(c, Ca, C3) ; then we may write (1) in the form : 

(@, y, 2) = (a, + thy +801, dg + thy +809, Gy +15 + 04). 

Equating the corresponding components of the two equal 

vectors, we may deduce the equation in the form Aw + By + Oz 


+D=0 which occurs frequently in three-dimensional coérdinate 
geometry ; A, B, C, D are suitably chosen constants. 


B. To find the equation of a plane through two given points 
and parallel to a given line. > 


Let a and b be the position vectors of two given points A and 
B with reference to an origin O (Fig. 2.4). Let cbe the vector 
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act 
parallel to the plane. Then the vector AB=b-—a is also parallel 
to the plane. Thus, the equation of the required plane is a plane 


0 0) 
Fig. 2.4. Equation of a plane iFig. 2.5. Equation of a plane 
through a, b and parallel to ¢ through a, b, ¢ 


through a and parallel to ¢ and b-a. Hence its equation will be 
r=ati(b—a)+se 
=(1-#)a+th+se By ‘s (2) 
C. To find the equation of a plane through three given points 


whose position vectors are a, b and c. = 


From Fig. 2.5 it is clear that AB and AC are parallel to the 
plane. Hence the required equation is same as the equation of 
a plane passing through A and parallel to AB and ic and so its 
equation is 

r=a+i(b—a)+s(e—a) 
=(1-t-s)at+tb tse. se (8) 


An Important Note. 
The four coplanar points A, B, O, P are related by 
r=(1-t-s)atib+se, 
or, (1-t-s)attb+se-r=0, 
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where the sum of the scalar coefficients (1—-¢—s) +t +s +(-1)=0. 
Thus there exists a linear relation connecting their position 
vectors, the sum of whose scalar coefficients is zero, This is 
thus a necessary condition for four points to be coplanar. 


This condition is also sufficient. For, if 


watyb+ze+ur=0, where et+y+2+u=0 
then we may construct 


r=- LE Yh za 
KA wÙ KA 
w Yy zZ 
p ; SCRA, 
tyt” vty+tz arytz 
=(1-t-s)a+itb+se, 


2 


Y 
h = MIAS 
where t Per 


= RET and s= 
This implies that the four points a, b, ¢, r are coplanar. 


This is the alternative proof of Theorem 2, art. 1°72. 


F4 Examples. II(A) 


1. Write down the equation of a line through two points 
Plor Yas 24) and Q(#., Yas Za). 

2. Find the equation of the line joining the points (2, — 3, — 1) 
and (8, -1, 2). 


3. Find the equation of the line through the point (—2, 3, 4) 
and parallel to the vector (2, 3, 4). 


4. Show that the line through P(4, -3, — 1) and parallel to 
(1, 4, 7) is 


w- 4 yt3_ 2+) 
1 4 7 


and find the two points on it at a distance of /1056 from P. 
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5. In the line 


find two points each of whose distance from (3, — 4, —2) is 22. 


6. Write down the equation of a plane through P(2, 2, -1), 
Q(3, 4, 2) and R(7, 0, 6). 


7. Write down the equation of a plane through three 
points (0, 0, 0), (2, 4, 1) and (4, 0, 2). 


8. Find the equation of the line joining the points (7, — 8, 4) 
and (2, —1, 1) and determine the point where it cuts the plane 
through (2, 1, — 3), (4, - 1, 2) and (3, 0, 1). 

9. Prove that the line 

æ+1 + SRAID 


3 3 7 


intersects the plane through (0, 0, 0), (1, 2, -5) and (2 3, -1) 
at the point — 2(31, 36, 79). 


Hints and Answers 


as 
4. With reference to an assigned origin O, let OP=(% Ya 2) 
=x 
0Q=(ws, Ya» 22). The required equation will then be 
— —> 
r=0P+tPQ 
iea (@ Ys 2)= (t1 Yas 21) +i- w1 Ya Ya» 22—721). 


Hence the equation in the cartesian form is, 


EO Yi a ERN 
atı YaTYı 42% 


on (w—2)/6 =(y+3)/2=(2+1)/3. 
3. (w+2)/2=(y—3)/3=(2—4)/4. 


4, Second part. Take a point Q=(a, y, 2) on the line at a distance 
of ,/(1056) from P. 
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Then we have 

Tig 

PQ=(x—4, y+3, z+1); 

ae 
| PQ | *=(e—4)? + (y+3)? +(2+1)? 
= 66%, oach ratio of the equation of the line being i, 
«e 6647=1056; ie, h= +4. 

Thus the two points are (8, 18, 27) and (0, —19, — 29), 
5. (—15, —16, —6) and (21, 8, 2). 


6. Using notations similar to Ex, 1. above, and writing 


—> —- -—- 


r=(1-s—)OP+s 0Q+i OR 
obtain (a, y, z)=(1—s-—4)(2, 2, —1)+s(3, 4, 2)+ (7, 0, 6). Equate tho corres- 


ponding components, Eliminating s and ¢ obtain 5a+2y—32=17, the required 
plane. 


7. —2z=0 is the equation of the required plane. 


8. The equation of the line is 
(w, y, J=(7, —8, 4)+4(2, -1, 1) 
The equation of the plane is 
(x, y, 2)=(1—u—v)(2, 1, —3)+u(4, -1, 2)+0(3, 0, 1). 
For the common point, (æ, y, 2) have the same values, Hence equating 
corresponding components we get 
T+2¢=2(1—u—v)+4u+3v 
-8-t=(l-u-v)-u 
4+¢=-3(1-—w—v)+2u+v, 


whence, from first two, on addition we obtain t= —1, so that the required 
point of intersection is (5, —2, 3). 


2°83, Equations of Bisectors of the angle between two lines. 


We proceed to find the equation of the internal bisector of the 
angle between two lines OB and OA, the unit vectors along them 
being D and A respectively. Take their point of intersection O as 
origin and let P be any point on the bisector. Draw PM parallel 
to AO cutting OB at M. 
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From Fig. 2.6 it is clear-that Z AOP = ZPOM= ZOPM 
— — 
and hence OM=PM. But OM=tb and MP=tå. 


Ss = 
(© OM|| band MP || å and their magnitudes are same ) 


— — — 
Then OP=r=0M+ MP=t(b +â) AREN AE 


For different values of t 
we got different points on 
the line OP. Thus (1) is the 
required equation of the 
bisector. 


The external bisector OP’ 
of the angle between OB and 
OA is the same as the inter- 
nal bisector of the angle 
between OB’ (not shown in Fig. 2.6. Equations of bisectors 
the figure) and OA, the unit 
vectors along them being -band A and hence the equation of 
OP’ will be 


r=t(a-b) f= (2) 
Corollary. If, instead of unit vectors à and b along OA and 


=> — ; 

OB we are given that OA=a, OB=b where the lengths of OA 
and OB are a and b then the equations (1) and (2) will 
reduce to 


r=1(2+ P) (C &=a/a, b=b/b). 


2°31. Theorems on Bisectors. 


Theorem. The internal bisector of any angle of a triangle 
divides the opposite side internally in the ratio of the sides contain- 
ing the angle. 
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Proof. Suppose AD bisects the 7 BAC internally and meots 
the opposite side BO at D (Fig. 2.7) Let the length of sides BO, 
LCA, AB be a, b, c respectively. Take A as origin, 


— — 
A Let AB=b and AC=c. Then 
the equation of AD will be 


=:(1,41 )- bb + ce 
b r=t(Iptte t 


C where ¢ can assume arbitrary 


D values. 


B Let us choose t= Pe Then 


b 
Fig. 2.7, Internal bisector ; 4 
G there exists a point on the line AD 


whose position vector r is given by 


—ob+ce. 
b+c 


But from our knowledge of section ratio, we may say that this 
point also lies on the join of b and e. So this point must be the 
point D. It thus divides the join of b and c in the ratio of 

c:b=AB: AG 
This proves the theorem. 


Otherwise : Tho point Hb tee which lies on the bisector AD 


is the centroid of two points b and ¢ with associated numbers b 
and o. Hence this point must lie on the join of b and ¢, dividing 
it in the ratio c : b. ( See art. 110, cor. 3) 


Alternative method. The equation of the bisector AD is 


Bye eo) 
b+c 


3 


r=¢ 


and the equation of the line BC joining b and ¢ is 
r=b+s(e-b). 
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At the point where AD and BC meet, the value of r will be 
the same. Thus for a common point, 


bb + ce\ _ EE assy 
s (Rte) b+s(e—b); whence ¢=7 


Hence the point D has the position vector 2 a Now 
arguing as before, we may prove the theorem. 


Theorem 2. The external bisector of any angle of a triangle 
divides the opposite side externally in the ratio of the sides con- 
taining the angle. 

The proof is exactly similar to Theorem 1. We leave it as 


` an exercise to the students. 


Theorem 3. The internal bisectors of the angles of a triangle 
are concurrent. 

Proof. Asin Theorem 1, (Fig. 2.7) we can show that the 
position vector of D is, 

bb +ce, 
b+c 
Let us take a point Ton AD such that 
AI: ID=bt+c: 4. 
The position vector of I will then be 


aa + bb + ce, 
atbte 


By symmetry we can easily imagine that this point must also 
lie on the bisectors of the angles at Band C. Hence the bisectors 
are concurrent. 

Note. The point Tis the centroid of three points a, b, ¢ with associated 
numbers a, b, c respectively. 

Theorem 4. The internal bisector of the angle A and the 
external bisectors of angles B and C of the triangle ABC are 
concurrent. 
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The proof is similar to Theorem 3. The point of concurrence 
will be the centroid of points a, b, ¢ with associated numbers 
a, —b, — c respectively. 


Examples. II(B) 


1. If the interior and exterior bisectors of the angle A of 
a triangle ABC meet the base BC at D and F, prove that BD, BC 
and BE are in harmonic progression. 


2. Prove that the intersections of the bisectors of the exterior 
angles of any triangle with opposite sides are collinear. 


3. ABC is a triangle ; AD, AD’ are bisectors of the angle A 
meeting BC in D, D' respectively. A’ is the mid-point of DD’. 
B’, O' are similar points on CA and AB. Show that 4’, B’, CO’ 
are collinear. 


Hints and Answers 


BD ec. .BE_¢ Ere a 
ak BO bikes BO ost, Hence show that BO" BD BE 


2, dawz ce, gr ce aa, a“ =222 bb 
b-e c-a a—b 


the exterior bisectors meet the opposite sides. Next deduce 
(6-c)d+(c—a)d'+(a—d)a”=0 


a linear relation where sum of the scalar coefficients is zero ; hence collinear. 


where d, d’, d” are points where 


2°4, Some Important Theorems. 


(A) Theorem of Menelaus. If a transversal cuts the sides BC, 
CA, AB of a triangle at the points P, Q, R respectively the 
product of the ratios in which P, Q, R divide those sides is 
equal to —1 ; and conversely. 


Proof. Suppose R divides AB in the ratio æ: y. Now choose 
a value z such that Q divides, CA in the ratio y: z (Fig. 2.8). 
Hence with our usual symbols for position vectors, 
zetya, | _yatab. 


Tege. yte 
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Eliminating a, we have 


(z +y)q- (z +y)r=zc- xb 


(e+y)q—(a+y)r _ ze- zb 


(z+y)-(æ+y) z~ =p (say) ERN 


lls 


which implies that p is the posi- 
tion vector of the point which C 
divides both the lines QR and BO, 
i.e., it is the position vector of the è P) 
point P itself. Again, since P 

=2e— 2b, 

2-2 

P divides BC in the ratio z : (- x); 
consequently the product of the 
three ratios is equal to — 1. 


A B X 
Fig. 2.8. Theorem of Menelaus- 


The Converse is also true. 

Suppose R divides AB in the ratio æ : y, Q divides CA in the 
ratio y : z. The product of the three ratios being equal to — 1, 
P must divide BC in the ratio z : (~). Then, 
ze- ab, 

ZED 


=Yatsb, | _zetya 
yte zty 


so that (z- æ)p-(2+y)a + (x+y) =0, 
where the sum of the scalar coefficients 
(z-a) +{-(2+ y)}+ (e+) =0. 
This proves that P, Q and R are collinear (see art. 1°72. 
Theorem 1). 


and p= 


(B) Theorem of Desargues. Jf three concurrent straight lines 
OA, OB,.0C are produced to D, E, F respectively then the points 
of intersections of AB and DH, OB and FE, AC and DF are 
collinear. Conversely, if the points of intersections are real and 
collinear, then DA, EB, FC are concurrent at O. 
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Another form of the statement. Jf the lines joining corres- 
ponding vertices of two triangles are concurrent, the points of 
intersections of the corresponding sides are collinear and conversely. 

Proof, Let the position vectors (relative to a certain origin) of 

0, 4, B, 0, D, E, F, P, Q.B 
be h, a, b,c, d, e, f, p,q, r 
respectively. 


Fig. 2.9. Theorem of Desargues 


Now, DA, EB and FC are concurrent at O. Therefore the 


position vector of O will be given by 


ga+g'd_yb+y'e_ze+zf, 
ata’ yty’ etd 


ie 
the scalars æ, æ’ ; y, y and z, z have been suitably chosen. 
We may write cva+a/'d=ybt+y’e=zet+zt se (1) 
where ata’ =y +y =2t2=1 se (2) 
Now, from the last two relations of (1) and (2), we find 
yb —ze=zt-y'e 
and y-2=2'-y' 
Ee Hts ) 
y-“2 z-y A 
{ since q is the position vector of Q, the point of intersection o 
CB and FE). 


<< 
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7 , 

i ga—ze _zi-r 

Similarly — ——$=—; Assy 
c—2 2-2 


zva-yb_y'e-a'd_ 


and, zy y' a x 


p. 


. We may now verify that 
(«—y)p —(e— z)r + (y—-z)q=0, 


where the sum of the scalar coefficients vanish. This implies 
that the three points p, q, r are collinear. 


The Converse is also true. 


Given P, Q, R are collinear. Let Q divide BC in the ratiow:y, 
then 


_ybt+ae 


ytt 


Suppose R divides CA in the ratio z: x, then 
zatze, 
e+e 
To find P, we consider the equations of the lines AB and QR 
r=a+t(b-—a) 
and r=qts(r—-q). 
For the common point, ‘te equate the two values of r and 
then the position vector of P is easily seen to be, 
—2a— yb, 
Z-y 
Thus, we have the relation 
(y+a)q—(z+a)r+(z-y)p=0 + (8) 
between the three collinear points p, q and r. 


Pp 


r 


Again denoting by æ :y', 2 :@' the ratios in which 'Q and 
R divide HF and FD, we obtain, 
yotrst . gdta't 
y' + a z + æl 
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Now, using similar arguments as before, we obtain, 


_#d-ye 
CES 
whence the relation 
Qta- tat- (A). 
Relations (3) and (4) give, 
meege ihere  O 


, A 
yotae_yetaf_ 


Also i yea te 
zatac_2Zdta't _ LO) 
z+g g +e 
a-yb_zd-y'e 
za-yb_zd-y'e p 


Using (5) we get from (6), 
yb — ky'e _ ka't— ae 
y—ky’ ka’ -e 


yb+ace=k(y’e+a’f) ie. 


_ 5 ' — 
and za +ge=k(z'd+ a'f) ie., wed = RE N 
z—kz ke’ =o 


yb—ky'e _ha't- ae _za-hke'd _ 
oe yky = ha’ -g ARA 


Hence HB, FO and DA are concurrent at O. 


(C) Theorem of Ceva. Jf the lines joining the vertices A, B, C 
of a triangle to a point P, in the plane of the triangle, cut the 
opposite sides in D, E, F respectively, then the product of the 
ratios in which these points divide BO, OA, AB is equal to 
unity and conversely, if the product of the three ratios be unity 
the three lines AD, BE, OF are concurrent. 


Proof. Let a, b, ¢, p be position vectors of A, B, 0, P with 
reference toa certain origin. Since A, B, C, P sre coplanar, 
there exists four scalars l, m, n, t such that 

la+mb+ne+tp=0, wherel+m+n+t=0. 
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mbt+ne_latip_g 
m+n l+t % 


They give, 


Thus D whose position vector is d, divides BC in the ratio 
nim. Similarly we can show that E divides OA in the 
ratiol:n, and F divides AB in the : 
ratio m : l. A 


The product of these three ratios 
is unity. This proves the theorem. 


Fy 
The Converse is also true. E 
Let D, Æ, F be the three points 
on BO, CA and AB respectively such 
B D CG 
that 
BD CE AF Fig. 2.10. Theorem of Ceva 
DO BA FB 


Assume BD: DO=n:m, CE: HA=1:n 
so that AF : FB should be equal to m : 1 


whos, datne, gn latne, p mbt, 
us mtn l+n m+l 


On the join of a and d let us take a point P which divides in 
the ratio m+n:l. Its position vector p is given by 
_la+mb+ne, 
l+m+n 


By symmetry, we can show that this point also lies on the 
join of b and e and on the join of ¢ and f. Hence the three lines 


AD, BE, OF are concurrent at P: 


Alternative proof of the converse. 


As befors, we deduce 


mb + ne, 


d= 
mtn 
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This implies that d is the centroid of mb and ne. Now 
suppose P is the centroid of la, mb and ne, so that 


(l+m+n) p=la+mb+ne 
=la+(m+n) d. 
Hence P lies on AD,and similarly on BE and OF. Woe have 


thus proved that AD, BH, CF meet at a point P, the centroid 
of la, mb, ne. 


(D) Theorem of Pascal. If 4, Æ C are points on one of the 
two intersecting straight lines and A’, B’, O' are on the other, 
then the point P in which BO’ cuts B'O, is collinear with the 
points Q, R in which OA’ cuts O'A and AB’ cuts A'B. 


Proof. We give below the outlines of the proof leaving the 
details for the students. Suppose H is the point of intersection 
of the two lines (Fig. 2.11). Then if H divides BC in the ratio 
—b:c and B'O in the ratio —b’:c’ we then have 


paca be _o'b’— v'e, 


Cb ob! 
lc’ —b')b+b(c—d)e’ _ o'(c—d)b! +(e’ -b'e _ 
pares, ag We Mie, tiene ae Pe: 


We can construct similar expressions for q and r and then 
obtain the linear relation 


aa'(co’ — bb’) p + bb" (aa’ — co’) q + ce'(bb’ - aa’)r =0, 


B 


Fig. 2.11. Theorem of Pascal 


Fig. 2.12. Theorem of Carnot 
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where the sum of the scalar coefficients of p, q, r is zero. Hence 
the points P, Q, R are collinear. 


Otherwise. Let a=ae, a’=a’e’ where e, e’ are unit vectors 
along the lines H ABC and H A’B’C’. Similar expressions for 
b, b’, c, c. Then obtain Saa’ (vy — 68’) p=0. Hence ote. 


(E) Theorem of Carnot. "The product of the ratios in which 
a plane PQRS cuts the sides AB, BC, CD, DA of a skew 
quadrilateral is equal to unity. 
Proof. Take A as origin. 

AP BQ CR DS 


Let PB ec” RD SA n. 
Then Roe _le+b, pa mdse, AR 
: E a mti n+l 


Now, (1+ 1)q-(m+1)r=b-lmd= Eal p-(n+1) lms 


hence, Eil p-(l+1)q+ (m+1)lr- (n+ 1)lms=0... (1) 


But P, Q, R,S are coplanar and their position vectors are 
connected by the linear relation (1) and hence the sum of the 
coefficients should be zero. 

e S 
ben g 
ie, (+1) - (kl + k) + (klm + kl) — (ann + kim)=0 


ie, 1-klmn=0 ie, klmn=1. 


(1+1) + (m+ 1)-— (Imn +Im)=0 


This proves the theorem: 


(F) Theorems on Complete Quadrangles and Complete 
Quadrilaterals. 
DEFINITION 1, A Complete quadrangle (Pig. 2.18), has four 
coplanar points A, B, C, D, no three collinear, and the siw lines 
which joins them. 
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The four points are called the vertices, and the six lines 
(thick lines of the figure), the sides of the complete quadrangle, 


Two sides which do not meet at a vertex are called opposite 
sides, Thus in the figure three pairs of opposite sides (AB, DC) ; 
(AD, BC) ; (AC, BD) meet at three points P, Q, R respectively ; 
these points are called diagonal points and the triangle POR 
formed by the diagonal points is called the diagonal triangle. 


Fig. 2.13. Complete Quadrangle 


DEFINITION 2. A complete quadrilateral consists of four 


lines, no three concurrent and the siz points in which they 
intersect (Fig, 2.14). 


The four lines are called the sides, and the six points, the 
vertices of the complete 
quadrilateral. 

Two vertices of a com- 
plete quadrilateral which do 
not lie on a side of the 
quadrilateral are called 
opposite vertices, and the line 
joining them is known as a 
diagonal. Thus in the figure 


Fig. 2,14. Complete Quadrilateral 
the three diagonals are AC, BD, QR. 


| 
| 
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Note. The geometrical elements—point and line—aro called dual 
elements. The drawing of a line through a point and the marking of 
a point on -a line are known as dual operations. 


Two figures consisting of points and lines shall be called dual if one 
figure can be obtained from the other by replacing each element in it by the 
dual element and each operation by the dual operation, Thus the dual of 
a complete quadrangle is a complete quadrilateral, and vice versa. 


On complete quadrangles. 
First result. Zt is required to find the position vectors of the 
diagonal points P, Q, R of the complete quadrangle of Fig. 2.13. 
Solution. Since A, B, C, D are coplanar, there exist four 
scalars x, Y, z, t such that 
vatyb+ze+id=0, where v+y+z+t=0. 


Now deduce, 


catid_yb+ze_ | es TN 
Ttt ytz 
wat ze_ybtid _ 

ete ytt 


Second result. Suppose the line joining Q and R intersects AB 
at X, and DC at Xo. It is required to find the position vectors 


of X, and Xa. 
Solution. From the relations (1), we write 
T, r=ra+ze 
(y +2) q=yb+ ze 
‘whence it follows, 


(@w@+2r—(y+2)q_za—yb_,. 

w+) -ute). @-¥ Se 
ugy (a@+2r—(@+tq _ze-td y 
Similarly, (o+2)—-(@+t) PAT 2 
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Third result. J¢ ¿is required to prove that X,, P are harmonic 
conjugates to A,B; Xa, P are harmonic conjugates to D, O and 
X1, Xa are harmonic conjugates to Q, R: 


Proof. We observe from (2) and (1) that 
(wy) x1=2a-yb, 
(@@+y)p =za+yb. 
This implies that X, divides AB in the ratio —y : % and that 


P divides AB in the ratio y :@. Hence X,, P are harmonic 
conjugates to A, B. Similarly other results may be proved. 


Further we may prove the following : 


Suppose AC cuts PQ at Z,; BD cuts PQ at Za. Then Za, 
R are harmonic conjugates to A, C ; also Zə, R are harmonic 
conjugates to B, D. Further Zı, Za are harmonic conjugates 
to P, Q. 


The statements of similar results for the sides 4D, BC may be 
constructed without difficulty. 


Conclusion 1. Two vertices of a complete quadrangle are 
separated harmonically by the diagonal point on their side and 
the point of intersection of their side with the line joining the other 
two diagonal points. 


Conclusion 2. Two diagonal points of a complete quadrangle 
are separated harmonically by the points in which their line is 
intersected by the sides passing through the third diagonal point. 


Fourth result. The mid-points of AC, BD and PQ of the com- 
plete quadrangle ABCD (Fig. 2.13) are collinear. 
Proof. From the results 
zatyb+ze+td=0, c+y+tz+t=0 i 
(e+y)p=catyb, (y+2)q=yb+ze; 
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we deduce 
(e+ yy +2)(p +q) = (y+ awa + yb) + (x + y)(yb + ze) 
=ax(a+ c) + y(2y +x + 2)b + ylva + ze) 
=gzla + €) +yly — i)b + y(- yb —td) 
= vzļa + ¢)- yt(b + d). 
the mid-points of AC, BD, PQ will satisfy a linear relation 
where the sum of the scalar coefficients is zero. This proves 


their collinearity. 


On Complete Quadrilaterals. 


First result. The mid-points of the diagonals of a complete 
quadrilateral are collinear. 


Proof. The points Q, B, C, P (Fig. 9,14) are coplanar and 
hence there exist four scalars 2, Y, 2, t such that 
xq tyb+ze+ip=0, atytzt+t=0 


whence, 
aqtze_yb+itp_ a 
ate ytt 


ag+yb _ ze+ip 


PREV AE EO 


We further deduce 
(2+2)d-(e+y)a_2ze—yb _ 
2-y 2-Yy 
The mid-points L, M, N of BD, AC and QR respectively are’ 
then given by 
b+d_ h +24tze aq + (e+ z)b+ze 


been aie O(a + 2) 
pate Lc _agtyb+(e+y)e ` 
me o ery) Aa +y) 
Sa a ze—yb _(z-y)q- b+ ze, 
2 He-v) W=) 
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It is now easy to see that 
y(a + 2l— 2a + y)m+ glz- y)n=0, 
where the sum of the scalar coefficients is zero ; this proves the 
collinearity of L, M, N. 


Second result. Hach diagonal of a complete quadrilateral is cut 
harmonically by the other two. 
Proof. The points B, P, D have the position vectors 


eqtybtze xq+ze, 


b 
7 gtyte ete 


P divides BD in the ratio (æ +z) : y. 
The point which divides BD in the ratio (æ +7) : —y has the 


Me bes OU. ear (eC arta Spee a 
position vector SYN Teq Ee Which is same as 
ebte-y , 
ze~ ub 


aon ur + ra, 
a+(z-y) x+(z—y) 


Thus the point lies on QR. Hence ete. 


Examples. II(C) 


1. Prove that the joins of the mid-points of opposite edges of 
a tetrahedron intersect and bisect each other. Also prove that 
the lines joining the vertices of a tetrahedron to the centroids of 
the areas of the opposite faces are concurrent. 


2. Show that if a tetrahedron is cut by a plane parallel to 
two opposite edges then the section is a parallelogram. 


3. Prove that the six planes which contain one edge and 
bisect the opposite edge of a tetrahedron meet at a point. 


4. Verify that the mid-points of the six edges of a cube 
which do not meet a particular diagonal are coplanar. 
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5. The straight lines through the mid-points of three coplanar 
edges of a tetrahedron, each parallel to the line joining a fixed 
point O to the mid-point of the opposite edge, are concurrent at 
P, such that OP is bisected by the centroid of the tetrahedron. 


6. The bisectors of the opposite sides of a quadrangle ABCD 
(Fig. 2.18) meet in the centroid of its vertices and are all bisected 


there. 


7. A-line cuts the sides of a polygon Py, Po,...Pn in » distinct 
points Ry, Re,...Rn. Show that the product of the ratios in 
which R, divides PPs, Re divides PPs,- Rn divides PnP 
is (-1)”. 

8. If any point O be joined to the vertices of a tetrahedron 
ABCD and AO, BO, CO, DO are produced to cut the planes of the 
opposite faces in P, Q, R, S respectively, then 


SOP/AP=1. 


1 


2'5. Elementary Applications in Mechanics. 

(A) Concurrent Forces. A force has magnitude, direction as 
well as a definite line of action. “Effect of two forces acting on a 
rigid body along two different parallel lines will be different ‘even 
if they may have same magnitude and direction. Thus a force 
cannot be completely represented by a single vector. To 
represent a force we need the concept of a Line vector—a vector 
which is restricted to lie in a definite line. Two line vectors are 
equal when they have the same length, same support and same 
sense. A force acting on a body can be represented by a line 
vector. 

We shall, in this article, discuss only the system of concurrent 
forces ; more precisely, we shall confine ourselves to forces 
acting on a single particle. 

The joint action of two concurrent forees produces the same 
dynamical effect as that of a single force, equivalent to their 


. 
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vector swm and acts through the point of concurrence. Again 
the joint action of several forces represented by vectors 


F,, F2, Fs, beea. Fn 
acting at a point P, will be the same as the action of a single 
force represented by a vector R where 

R=F,+Fo+-:-+F,=3F 


acting through the same point P ; R is called the resultant of the 
system of forces. In order to obtain R we construct the vector 


Fig. 2.15. Resultant of several forces 


polygon ie., a polygon whose lengths and directions of the sides 
being those of vectors 


Fy, Fo, Fs,...Fn. 


Thus, suppose in the polygon 4,A9Aq,...An, Anti, 


— —> — 
A14: =F4, 424s =Fa,...AnAnia = Fi. 
The closing side of the polygon A,An+ı (Fig. 2.15) taken in the 
opposite order in which the forces have been drawn represents 
R. In general, the forces 
F4, F3, terese Fn » 


will not form a closed polygon. But in case the polygon is 
closed, the resultant R=0 and we say that the system of forces is 


DISPLACEMENT ey is 


in equilibrium. Further the vector polygon is not necessarily 
a plane unless the forces are coplanar. 


Again as a particular case if three forces acting at a point are 
in equilibrium then the closed vector polygon is a triangle 
(Triangle of forces). The forces will then be obviously coplanar 
and the length of each force vector is proportional to the sine of 
the angle between the other two (Lami’s Theorem). 


Suppose there are n concurrent forces and with respect to an 
assigned origin O let OA, OAs...... OA, represent these forces. 
Then 


> => 


—> > 
R=04, +04, +: +0An=n OG, 


where G is the centroid of the points Aı, Ag,..-An. The forces 
will be in equilibrium if Œ coincides with O. 


(B) Displacement. The displacement from A to B is the 
— 
vector AB. Two successive displacements, one from A to B 


C 


A 
Fig. 2.16. Displacement Fig. 2.17. Relative velocity 


. \ —a 
followed by another from B to G represented by AB, BO, is the 


BR 
displacement AC (vector addition) ; see Fig. 2.16. 
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(C) Relative Position. When two points A and B both 
moye, the relative position at any instant of the point A with 


ES 
respect to B is the vector BA i.e., position vector of A with 
respect to B as origin. 


(D) Relative Velocity. Relative velocity of a moving point 
A with respect to another moving point B is the instantaneous 
rate of change of position of A relative to B. If, however, two 
points A and B both move at a uniform rate then the relative 
velocity of A with respect to B is the change in their relative 
positions per unit of time. 


Theorem. The relative velocity of A with respect to B is the 
vector difference of velocities u and v of A and B relative to a 


fixed point O ; A and B being supposed to move at uniform rates 
(Fig. 2.17). 


Proof. Suppose A and B move to A’, B’ in one sec. Then, by 
definition, relative velocity of A with respect to B 
=> —> 
=B'A' - BA. 
— —> = hl 
=(0A'- 0B')- (04 -.OB) 
=(0A’ - OA) - (0B' - OB) 
= AA’ - BB! 
=u-v. 


Note. Variable velocities and relative acceleration can be considered only 
after the discussions of differentiation of vectors ( chapter 5 ). 


Examples. II(D) 


1. If the resultant of two forces acting on a particle be at 
right angles to one ‘of them and its magnitude be one-third of the 
other, show that the ratio of the larger force to the smaller is 
CON) 
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2. R is the resultant of two forces F; and F2; F4 acts 
horizontally and R vertically but F2 is inclined at 60° to the 
vertical. Find the magnitudes of F; and Fe in terms of the 
magnitude of R. 


3. If the resultant of two forces be equal in magnitude 
to one of the components and perpendicular to its direction, 
find the other component. 


4. Apply the principle of vectors to prove that three con- 
current forces represented in magnitude and direction by the `~ 
medians of a triangle are in equilibrium. 


=> 


5. If two concurrent forces are given by 7.04 and m.OB 


wy 
respectively, show that their resultant is given by (m+n) OR 


— 


where R divides AB such that nAE =mRB. 


" — — 
6. ABCD is a quadrilateral; forces AB and AD act at A 


— — — 
and CD and CB act at O. Prove that their resultant is 40M 
where L and M are the middle points of AC, BD respectively. 

= => > 
7, ABCDEF is a regular hexagon ; five forces AB, AC, AD, 
=- — — 
AE, AF act at A. Prove that their resultant is 640 where — 
O is the centroid of the hexagon. 


8. A, B, C are fixed points and P is a variable point such: 


> — 
that the resultant of forces at P represented by PA, PB always 
passes through C. Prove that the locus of P is a straight line 
joining C to the mid-point of AB. 


9. Forces P, Q, R act at O a are in equilibrium. If 
any See. a! their lines at A, B, C respectively, show 


Q A 
that 77 2 A + ont 0G # G =0. Generalise this result. 


78 APPLICATIONS OF ELEMENTARY OPERATIONS 


10. D,E, F are the mid-points of BC, CA, AB respectively 
of the AABC. Show that the system of concurrent forces 


=> — — 


OA, OB, OC is equivalent to the system represented by 


ED ll OO 


OD, OH, OF where O is any point in the plane of the triangle, 
11. ABC is a triangle and P is any point on BC. If tho 


> — > => 
resultant of forces represented by PA, PB, PC be PQ, the locus 
of Q is a straight line parallel to BC. 


12. A man travelling east at 4 miles per hour finds that the 
wind seems to blow directly from the north, On doubling his 
speed he finds that it appears to come from north-east. Find the 
velocity of the wind. 


13. A ship whose head is pointing due south across a current 
running due west; at the end of two hours it is found that 
the ship has gone 36 miles in a direction 15° west of south, 


Find the velocities of the ship and the current, graphically and 
analytically. 


14, (a) Two particles A and B are moving with velocities 
w and v along two lines inclined at an angle a. Hind the magni- 


tude and direction of the relative velocity of B with respect to A 
in terms of u, v, a. 


(b) Two particles move with speeds v and 2v respectively 
on the circumference of a circle. In what positions, is their 


relative velocity greatest and least and what values has it in 
those positions ? 


15. A particle placed at O is acted on by forces represented 


by the lines OA,, OAg,...... , OAn where Ay, Ag,...... , An are fixed 
points. Where must O be placed that the magnitude of the 
resultant force may be a constant ? ’ 


16. A point describes a circle uniformly in the i-j plane 
taking 12 seconds for one complete revolution. If its initial 


SS 
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position vector relative to the centre be i and the rotation is 
from i toj, find the position vectors at the end of 1, 3,5, 
7 seconds ; also at the end of 1$ and 4% seconds. Find also 
the velocity vectors of the moving point at the end of 13, 3 and 
7 seconds. 


17.. The velocity of A relative to B is 3i+4j and that of 
B relative to O isi—3j. Find the velocity of A relative to 
C; i and j represent velocity of one mile per hour along east 
and north respectively. 


18. Two particles A and Bare, at some instant, 15 miles 
apart. Both start at the same moment. A moves towards B 
with a uniform velocity of 5 m.p.h. and B moves perpendicular 
to AB at 3°75 m.p.h. Find their relative velocity and the time 
when they are nearest to each other and also calculate the 
shortest distance between them. 


19. Prove. that the magnitude of the resultant R of any 
(finite) number of forces P4, Pe, Ps, “ee , is given by 


“N 
R? = 5P? + 25P,P, cos (Pr, Ps). 


20. ABCDEFA is a regular hexagon. Show that the 
resultant of the forces represented by AB, 240, 8AD, 44E, 
5AF may also be represented: by a vector of magnitude ./351 AB 
and find its direction. 


Hints and Answers 


1. Let F, and Fa be two two forces and let R be their resultant perpendi- 
cular to F,. Letiandj be the unit vectors along the two perpendicular 
directions F, and R respectively. If | F4 | =a then F,=ai. Since F, lies 
in the plane of i and j we may take F,=ai+yj and hence |F; | = ,/n?+y?. 
Therefore, by the problem, R=$ /g*+y*j. Since F,+F.=R, wo have 
ait(aity)=kJaty2h or (ata, y=(0,3Ja%+y*); hence ata=0, 
y= Ja?+y?. This gives c= —a, y=al2 N2. 


se | Folt1 Fs] =(.Ja?+(1/2 V2)? a?) : a=3 : 2/2 
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2, F,=ai; F2=—b sin 60° i+ b cos 60° j where | F; | =a and | Fo] =b, 
Tf |R|=c, then R=cj. As before, (a, 0)+(—b V3/2, 6/2)=(0, c) Now 
obtain a and b in terms of c. : 

3. The other component is /2a, if the given component has a magni- 
tude a. The direction is inclined at an angle 135° with it. 

5. Use Section ratio. 


ed => => 


6. AB+AD=2AM; CD+0B=20M ; 


a a canta 


— dr a> 
o(4M+ OM) = AL+ LM+0L+LM)= ADM. C AL+CL=0) 
8. Suppose the position vectors of A, B, C, P are a, b, ¢, p with reference 
to a certain origin O. Then 


— — 


— 
PA+PB=a—p+b—p=2(ha+ 4b) —2p=2(d—p)=2PD, 
where d is the position vector of D, the mid-point of AB. Thus the resultant 


at pera . 
of PA and PB always passes through C and D i.e., P always lies on CD, 


— — — 
9. Let OA, OB, OC bea, b, ¢ respectively. Now the force vector P=2a, 


MRP aA 
where «= Oi OA 


P+Q+R=0, i.e., gat 


oa Q R 
S Gs = PRE ig 
imilarly, Q=yb, R=z¢ where y OB *-00 But 
Cub ae o= 0. Since A, B, C are collinear, the sum 
of the scalar coefficients in this linear relation is zero. Hence etc. 


Generalisation. E =o. Proceed similarly. 


11. Take A as origin. Suppose D is the mid-point of BO. With usual 


ay 
notations for position vectors, SPA= —p+(b—p)+(e—p)=(b+e) -3p 
— 
=q-p= PQ, 
where q=b+e-2p=2(d— p). 


> => 


ips > 
Thus q=AQ=2PD; hence 40 PD and consequently AQ|| BO. 


12, Let iand j represent the unit yelocity-vectors along East and North 
respectively. In the first case the velocity of the man is 4i. Let the true 
velocity of the wind be ci+yj. Therefore, the velocity of the wind relative 
to the man is («i+ yj)—4i=(c—4)i+y). But it is given that this velocity is 
directed from the north and hence=mj (say). This will give e—4=0 or 
o=4, 
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In the second case, when the man doubles his speed the velocity of the 
man is Siand hence relative velocity is (eityj)—8i. But this comes from 
North-East and hence this vector will be parallel to k% cos 45°i+% sin 45°j 
(k/ V2)(i+§). Hence a—8=h//2 and y=k/ N2. This gives k=—4,/2 and 


— 


hence y=—4. Therefore the true velocity of the wind is is OP=4i—4j ; its 
magnitude= 4/2 m. p. h. and direction is from North-West to South-East, 


13. 18 cos 15°=17'4 m. p.h. ; 18 sin 15°=4'7 m. p. h. 


14. (a) (u? +v? — 2uv cos a)? at an angle tan“! USING with the direc- 
v cos a—u 


tion of P, 


(b) 3v or v according as the points are moving in the opposite or in the 
same direction when they are at the ends of a diameter. 


15. O may be pladed anywhere on a sphere of radius R/m, R being the 
magnitude of the resultant; the centre of the sphere will be at the centroid 
of the given points. 


16. $ (x3, 1); (0,1); (~ 8, 1); -+N D; yy (LD) 


Sq (-hs ts ptm (-1.D, — FeO, Felt — va) 


17. ./17m. p. h. at an angle tan~* 4 North of Hast. 
18. 6'25 m, p. h. ; 1°92 hours ; 9 miles. 


3 
Product of Vectors 


8'1. Introduction. 


We have so far defined addition of two or more vectors, 
difference of two vectors and multiplication of a vector by a 
number (scalar). In this chapter we shall define two operations 
between vectors known as their products. The ways in which 

.two or more vectors enter into combination in Geometry, 
Mechanics or in other branches of applied sciences lead us to 
define two different kinds of products. One of these products 
will yield a pure number (scalar) and hence called Scalar product 
(also known as Inner product or Dot product). The other defini- 
tion of product gives a well-defined ‘vector and hence called 
Vector product (also known as Outer product or Cross product), 
It is natural that they should be distinguished by difference in 
notations. Scalar product of two vectors a and b is denoted 
by a.b (placing a dot between two factors and hence the name 
dot product) while their vector product is represented by ax b 
(placing a, cross in-between and hence the name eross product). 
Their definitions will show that both the products involve the 
product of the lengths of two factors and each follows the distri- 
butive law. 


3'2. Scalar product : Definition from Geometric stand-point. 

The definition of scalar product of two vectors a and b may 
be given from two different stand-points—one geometric, the 
other purely algebraic. 


DEFINITION. (Geometric Stand-point). The Scalar product 
of two vectors a and b, written as a.b, is defined as the product 
of their lengths |aland|b| and the cosine of their included angle. 
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Thus 

a.b=|al|b] cos 6, 
where 0 is customarily taken as the smallest angle, taken positive, 
between a and b; 


Note. a,b is a number ; it will be also called dot product of two vectors 
a and b. 


Motivations. 


The aboye definition may appear rather arbitrary to one who 
„is unfamiliar with its application. But the reader must be familiar 
with the definition of work done by a force. Thus the work done 
by a force vector F causing a displacements is the product of 
the magnitude of s and the component of F in the direction of s 
(or the product of the magnitude of F and the component of s in 
the direction of F). This combination is a product and the result 
is a scalar since it involyes the multiplication of two lengths. 
Many such combinations arise in applications whence we have 
suggested the above definition. f 


3°21. Properties of Scalar products. 

From the definition given above we may easily deduce the 
following properties : 
(i) Commutative Law: a.b=b.a. 


For, by definition, b.a=|b||al cos 8, where 0 is the smallest 
angle between b and a (this angle is same as the smallest 
angle between a and b). 


Thus in a scalar product the order of the factors may be reversed 
without altering the value of the product. 


(ii) The scalar product of two proper vectors a and b is positive, 
zero or negative, according as the angle 0 between a and b is 
acute, right or obtuse. 


For, cos 0 > ,=or < 0 according as @ <, = or > 90°, 
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(iii) Vanishing of a. b. 

Tf either a or b is a zero vector then a.b=0. If both a and 
b are proper vectors then a.b=0 if they are at right angles. 
Thus a. b=0 does not always imply that either a or b isa 
zero vector ; it may be that neither a nor b is a zero vector 
but a is perpendicular to b. 

In fact, for two proper vectors a and b, the condition a. b=0 
is the condition of perpendicularity of two vectors. 


(iv) For two parallel vectors a and b, we have 0=0 and hence 
cos 0=1. 
Thus for two parallel vectors a and b we havea. b=|a| |b]. 
For two equal vectors a and a, we agree to write 
a.a=a’, 
Clearly, then a* = |a] lal] =|al?. 
ie, scalar product of a vector: by itself is the square’ of its 
length. 
Note that (a+b)? =(a+b).(a+b)=/a+b{?, 
(a—b)? =(a—b).(a—b)=|a-—b]? ; ete. 
(v) When a and b have opposite directions, 
a.b=-—|al|bl. 
For, then @=180° and cos 0= — 1. 


(vi) Scalar Product of two unit vectors a and b, 
If A and b are the unit vectors along a and b respectively 
then å. D = cos 0. 


ie, the scalar product of two unit vectors gives the cosine of 
the angle between them. 


(vii) For the unit vectors i, j, k along three mutually perpendi- 


cular directions we have evidently x 
i=j°=k°=1, 


and i.j=j.k=k.i=0; j.i=k.j=i.k=0, 
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(viii) Associativity with Sealars : (ma).b =a.(mb) = m(a.b). 
ie. if either factor be multiplied by a number, then the scalar 
product is multiplied by that number. 


For, if the angle between a and b be 0 then that between ma 
and b will be 6 or 1-8 according as m is positive or nega- 
tive. Accordingly, 


Case 1. When m is positive, 
(ma).b=|ma| |b] cos 6=m|al|b| cos 0 =m/(a.b) 
and a.(mb)=|al|mb|cos 8=m|al |b cos 6=m(a.b). 


Case 2. When m is negative, 
(ma).b = |ma||b| cos (x— 8)= -mlal |b] cos (x — 6) 
=m|al||b| cos 6=m(a.b) 
Also, we have a.(mb)=m/(a.b). 
More generally, we may prove 
(ma).(nb) = mn(a.b) =a. (mnb) = m{(na).b}, 
where m and n are two numbers, TE or negative. 


We leave out the proof of this general case for the students. 


. 


Note that (a.b).c is not defined (the dot is only defined 
between two vectors), the associative law between three vectors 
need not be considered. We, however, point out that 
(a.b)e Æ a(b.c) generally, though both are defined. 


(ix) Angle between two proper vectors a and b. 


Since, a.b=|al |b] cos 9, it follows 
-1.a.b 
0=cos t 7 ' 
Jal |b] 
(x) Another statement for the definition of a.b. 


a.b=|al{|b| cos 6}=|a|{Projection of b along a}, 
or, a.b=|b|{]/alcos 6}=|b| {Projection of a along b}. 
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(xi) Distributive Law. For any three vectors a, b, ¢ 
a.(b+e)=a.b+a.c 


ie., scalar product is distributive with respect to addition. 
’ — — 
Proof. We refer to Fig. 3.1. Let AB=b, BC=e, so that 


AC=b+te. 


Let L be a directed line which is the line of support of a ; the 
i unit vector along L will be denoted 
by e. The projection of b on L is 
some numerical multiple of e; this 
numerical multiple is called the 
component of b along L. Thus, we 
have the following relation between 
Projection and Component : 

À Proj. b (along L) 

L PRO. R ={Comp. b (along L)łe. 


Fig. 3.1. Distributive Law 
(Scalar product) 


But we compute Comp. b. (along L) 
by |blcos (e, d) 
and since |e| =1, we have Comp. b (along L)=e.b (1) 
Now Fig.:3.1 gives, 

Proj. b + Proj. ¢= Proj. (b+ ¢) eee (Q) 

(Comp. b)e + (Comp. e)e = {Comp.(b + e)fe 

or, Comp. b+ Comp.e=Comp. (b + ¢) + (3) 
Now since, a=|ale, we may write 
a.(b + ¢)=|ale.(b +e) 


=|a|{Comp. (b +¢)}, using (1) 
=|a|{Comp. b + Comp. c}, » using (8) 
=|lalfe.b+e.c), using (1) 


=a.bta.c (*." lale. b=a.b) 
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Note that Fig. 3.1 has been drawn in which all the projections 
are positive but the relation (2) holds even if one or both are 
negative as can be verified by drawing a suitable diagram. 

We can also show that a.(b-—c¢)=a.b-—a.c. 

By repeated application of the distributive law we obtain, 

(at+b).(e+d)=p.(e+d)=p.ct+p.d, where p=a +b 
=e.p+d.p=c.(at+b)+d.(atb) 
=c.atc.b+d.a+d.b 

‘=a.ctb.ct+a.d+b.d. 


More generally, (a+b+e+ =- +k). (l+m+n+ ene +s) 
=fa.l+a.m+ e +a.s}+fb.l+b.m+' e +b.s} 
Pohick bee +{k.l+k.m+ EE +k.s}. A 


In particular, (a +b)? =(a +b).(a +b)=a°+a.b+b.a+b? 
=a"+2a.b+b>. 
Similarly, (a-b)? =a?-2a.b+b? ; a?-b?=(a +b).(a- b). 


Note carefully that all the results occur in the familiar form 
because of the fact a.b=b.a. 


(xii) Scalar product in terms of coérdinates of the vectors. 


Let a and b be expressed as linear combinations of three, 
mutually perpendicular unit vectors i, j, k (they are supposed to 
form a right-handed system). Thus 

a=d,itaojt+a,k, b=b,i+b.jt+b.k; 
where (a1, do, Wg), (b1, be, ba) are the codrdinates of a and b. We 
make use of the distributive law and obtain 
a.b= (asi + Gigi + ask). (bii + baj + bsk) 
e '=fai. bitai. bajt ai.bsk} 
+ fæsj.bii +aaj.boj + doi bsk} 
+fask.bii + a3k.boj +agk.bgk} 
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={a,b,i? +a,be i.jt+a,b, i.k} 
+{aeb1 J.itaebs i +asbs j.k} 
+fäsbı k.i+asba K.j+asbs k°}, using (viii) 


= Qib Haba +03bg , using (vii). 


Observations. The beginner should carefully note the 
above steps. Of course, the final result is easy to remember : 
Multiply the corresponding coérdinates of a and b and then add. 
ega if a=3i+5j+7k, b=4i+2j+k thena b=3x4+5x9+7xX1 
=29. The reader will now appreciate the significance of the 
term inner product which is often used instead of scalar product. 


(xiii) If a=ayita.j+a,k, b=b,i+b.j+b,k then 
Jal= wh (ai? +a" +a3"); |bl= (bs? +657 +557) 
and hence the relation a.b=|al|b| cos 0 gives 
EDU TE ONE 0104 + debe +agb5 
jalb] ~°°° Jla +a? + a5"). Mba? + bq? +b?) 
which indicates the method of finding the angle between two 
vectors whose codrdinates are known. 


8=cos * 


3°22. Definition of scalar product from Algebraic stand- 
point. 


DEFINITION. Suppose two vectors a and b are given by the 
number triples : 
a=(a, de, as) ; b=(b,, bs, ba). 
We then define a.b=a,b, +agba + agba. 


Rule, _ Multiply the corresponding elements of two vectors and 
then add. 


Geometric Interpretation: The geometric interpretation 
of a.b is now readily found by considering the triangle OAB 
formed by vectors a, b and a -— b (Fig. 3.2). 
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Let 0 be the smallest angle between a and b, then from 
properties of a triangle it follows, 
ja-b]?=lal?+ |b]? —2lal|blcos 0 age Gb) 


But since a= (a1, ds, a) and b=(bi, bs, bs), we have 
Jal?=a,2 +a? +092; Ibl? =b," +b." +b”. 
Also a-b= (a, -b1, G2 — ba, s~ bs). 
|a—b|2=(a, — bs)? + (as — ba)” + (as = bs)". 
From (1) it now follows, 
(ay —b1)? + (aa — ba)? + (as = bs)” 
= (a1? +02? +52) + (br? +e" +ba*)-2lal |b] cos ð. 
ie, abı + agba +43b3= lallb] cos 8. 


il. a.b = |a] |b] cos 0. 


Thus the scalar product of a and b is the product of their 
lengths and cosine of their included angle. This is our definition 
in art. 83°2 (from Geometric B 
stand-point) and as such all 
the properties deduced in b a, 
art. 3°21, will be true even 
if we accept this algebraic 
definition.’ To illustrate the 
use of this definition we 


append below the proofs of 
Commutative and Distributive Laws for scalar products. 


(0) A 


Fig. 3.2. Geometric Interpretation ofa. b 


(i) Commutative Law: If 
a=(ay, de, dy) and b=(b4, bos bs) 
then according to our definition, i 
*a.b=04b1 +Gebet+agds, 
b.a=b;@; + bode tbs. 
Tt follows a.b=b.a. This gives the Commutative Law. 


90 - PRODUCT OF VECTORS 
(ii) Distributive Law: Tf ; 
a=(a;, G2, Gs), b= (b3, ba, by) and c= (c1, Ca, Ca) 
we now prove 
a.(b+c)=a.bt+a.e, 
Since b+e=(6, +03, bz tca, bs +05) 
*. a.(b+ 0) =a, (1 +1) +49 (by tco) +45 (bg +03) 
=(a1b4 + Gabe + agbs) + CON + eo + 30s) 
=a.b+a.e. 


Hence follows the Distributive Law. 


Examples. III(A) 


— = — 
1. In the AABC let BO=a, CA=b, AB=c. Prove that 
C E A 
cos C= ab 


where a, b, c denote the lengths of sides of the triangle, 


2. Hind the angle between a=(2, — 1, 3) and b=(0, 2, 4). 
3. (a) Find the angle between two vectors 
a=6i+2j+3k and b=2i-9j+6k. 


(b) Find the scalar product of two vectors given by two 


diagonals of a unit cube. What is the angle between 
them ? 


4. Ifa=(2, 3,1), b=(0, 4, 2); compute a.b. 


5. If a=(a,, Gay as), B= (bz, bo, bs), Y=(c4, Co, ĉa), 
compute ß.Y, Y.a and a.ß. 


6. Prove that three vectors io 
a=i+2j+k, ß=i+j-83k,Y=7i-4j+k 
are at right angles to each other. 


EXAMPLES gi; 


7. Ifa.b=a.c then prove that the line joining the end-points 
of b and e(supposed to be drawn from the same origin) is 
perpendicular to a. 

8. A triangle has vertices 

A(1, -—2, 3), B (2, 1; —1) and 0 (3, -1, 2).’ 
Solve the triangle. ; 

9. l.a=].b=1.c=0 implies that lis a null-vector, if a, b, € 

are three non-coplanar vectors—justify. 


10. Show that the perpendiculars from the vertices of a 
triangle to the opposite sides are concurrent. 


(This point of concurrence is known as the ortho-centre). 
11. Show that if |e+dl]=]e-dl then, either vector is 
perpendicular to the other. 


12. Show that the perpendicular bisectors of the sides of a 
triangle are concurrent. 


(This point of concurrence is known as the circwm-centre.) 
» 
13. Given a=i- 2j, b=j+k, find the component of a along b. 


14. Given a=+(2, 3, 6), b=4(3, —6, 2), c=7(6, 2, -3). 
Show that a,b and ¢ are each of unit length and are mutually 


perpendicular. 
15. Find the area of the triangle formed by the points 
A(1, 1, 1), BG, 2, 8), C (2, 8, 1). 


46. If e4 and e2 be two unit vectors and 0 be the angle 
between them, show that 2 sin}0=|e,— eal. 


17. In a tetrahedron, if any two pairs of opposite edges are 
perpendicular then prove that ‘the remaining pair of opposite 
edges are also perpendicular to each other. 
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18. In a tetrahedron prove that the sum of the squares on the 
opposite edges is the same for each pair. 
19. Prove, by using the definition of scalar product, 
(i) cos (A— B)=cos A cos B+ sin A sin B. 
(ii) a? =b? +c? — 2bc cos A. 
(iii) Boe cos A +4 cos B 
(Usual notations for sides and angles of a triangle are 


assumed). 


20. Prove thatan angle inscribed in a semi-circle is a right 
angle. 


21. (i) From the identity 
(a-b).(h- e)+ (b- ¢).(h- a) + (c -a).(h-b)=0 
show that the perpendiculars from the vertices A, B, O of a 
triangle ABC meet at a point H. ee of the triangle). 


(ii) From the identity 


(a-b).(k TE al 0). (k- - PFN +e- 0). (-°%4) =o 


show that the perpendicular bisectors of the triangle ABC 
meet in a point K (Oircwm-centre of the triangle). 


— eS es 
(iii) If OA, OB, OC are equal in length, prove that 


OA+OB+00=0H 
where H is the orthocentre of the A ABC. 
22. Euler’s Theorem. Jn any triangle circum-centre, ortho- 


centre and centroid are collinear and the centroid divides the join 
of the other two in the ratio 2: 1. > 


Proof. Let K, G, H be the circum-centre, centroid and 
ortho-centre of the AABO (Fig. 3.3). With reference to some 
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origin let the position vectors of A, B, O, K, G, H be a, b, c, k, 
g, h respectively. Since H is the orthocentre, HC is perpendi- 
cular to AB. 


Fig. 3.3. Euler’s Theorem 


ie, (c-h).(b-a)=0 By (1) 
Again since Kis the circum-centre, KF'is perpendicular to AB. 
ie, {}(a+b)-kł.(b-a)=0 

or, (a+b-2k).(b-a)=0 +~ (2) 


On adding (1) and (2), we obtain 
| (a+b+c-2k-h).(b-a)=0 = (3) 
This equation (3) holds when b—a is replaced by c-b and 
j a- c, we conclude therefore, 
a+b+c-2k-h=0. 
For, otherwise a+b +e- 2k- h would be perpendicular to three 
sides of AABC which is impossible. The last relation shows 
g=t(at+b+e)=4(h+ 2k) 
which preves the theorem. 


Otherwise. Let the circum-centre K be taken as origin. Suppose with 
respect to this origin the position vectors of 4, B, C be a, b, ¢ respectively. 
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Since KA=KB=KC we have a*=b?=c*. Now let us rewrite b?—c?=0 in 
the form 
(b+c).(b—c)=0 
or, {a+b+c—a}.(b—c)=0 


-= _ => > 
o,  {3KG—KA}.CB=0 see (i) 


S 
[t the centroid G is given by KG=4 (a+b+c) ] 
We take a point H on KG such that KH=3KG so that (i) becomes 
a — — — 
(KH-KA).CB=0; AH l CB. 
Similarly we may show that the chosen point H is such that 
— —> —> — 
BH L OA; OH L AB. 
Thus H is the ortho-centre and it thus lies on the line KG and G 
divides KH in the ratio 2: 1. 


23. Lagrange’s Theorem. Particles of masses Mi, Mo...mr are 
placed at the points A, B, C,...K respectively and G is the centre 
of mass. Prove that forrany point P, 
m,AP* +m BP? +- +m,KP? 

=(m, AG? +mBG? + ++ + me KG?) + (my + ma + + m) PGE. 
Proof. Take a as origin and let p be the position vector of P. 
Suppose the position vectors of A, B, O, ... K be a, b, œ... k 


respectively. Now, from Seo of hie of mass and our 
choice of G it follows 


matm,b+t + +m-k=0 Ha (1) 


h ee 


Since AP = GP - GA=p-a, we haye 
MAP? +m BP? + + +m, KP? 
=m,(p- a)? +m(p-b)?+ ++ +m(p- k)? 
= (my + mg +: +mr)p? + (m,a? +mab? + ++ + myk?) 
ate Qp.(m,a + mob + ++ + myk) 
=required result by virtue of (1). 
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Hints and Answers 
1. By triangle law, —e=a+b, (draw a diagram), and hence 
(—e).(—¢)=(a+b).(a+b)=a?+2a.b+b?, (distributive law), 
l Since the square of a vector is the square of its length, it follows, 
l c? =a? +b? +2ab cos (m— 0) (*.* EOE 


2. Use (xiii) of art, 3'21. Here a.b=10, |a ]?=14, |b |?=20, and 
hence 0 =c0s7* 10/ /280=53°18’ (approx.) 


3. (a) cos~* (12/77). (b) 1, cos™* 1/3. 4, 14. 
b. 2b,cy, Bc,a1, Dabi 6. Verify that a.p=8.y=7.a=0. 


8, To find all the angles and lengths of all the sides of the triangle ABC, 
ee kta 
AB=(2, 1, —1)- (1, —2, 3)=(1, 3, — 4) ;length= „/26 


Ly 
BO=(3, —1, 2)- (2, 1, —1)=(1, —2, 3); length= yI. 


— —> — rl 
Now use 4B.BO= | AB | | BC | cos (r—B) and hence obtain B. 
Similarly obtain other angles and the remaining side. 


9. If1+ 0 then l.a=1,b=0 implies that 1 is perpendicular to both a 
and b ie., lis perpendicular to the plane of a andb. But 1.c=0 means 
lis perpendicular toe. .’. 1 is perpendicular to the plane of a and b as well 
as toc. This is equivalent to say that ¢ liesin the plane of a and b. But 
a, b, ¢ are non-coplanar ; hence a contradiction. 


10. With reference to an origin O, let the position vectors of the vertices 
, A, B, C of tho AABC be a,b,c respectively. Let p be the position vector 
of P, the point of intersection of the two perpendiculars from A and B on the 


— — — — 
opposite sides. Since AP L BC and BP L CA, we have 
| (p—a).(c—b)=0; (p—b).(a—e)=0. 
l Expanding by distributive law and then adding, we get 


— 


=! 
(p—c).(a—b)=0, ien OP L BA. 


b 
i.e. perpendicular from C on the opposite side goes through P also ; hence eto, 


11. 2(c,+d,)?=Z(c,—d,)?, by the given condition, Expand. 
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12. Let H bo the point of intersection of the perpendicular bisectors of + 


the sides BC and CA. With usual notations for position vectors, we have 
then, 
[h—3(b+e)].(b—c)=0; [h—3(a+e)].(a—c)=0. 
Expand by distributive law and then add. Thus obtain 
[h—#(a+t b)]. (a—b)=0 
i.e., H lies on the perpendicular bisector of AB. Hence the result. 


13. Comp. a (along’b)=b.a= | a | cos 0 ; obtain cos @ from la aaa ` 
-> —> — — 
15. BC=(1, 1, -2), AB=(0, 1, 2); | BC | = N6, | AB | = N5; 
Obtain cos 0=-—3/ v30 and hence sin 0= \/7/ VIO, 


— — Ke 
area=$| BC | | 4B | sin 0=$,/21. 
16. e,.e,=cos 0 and write 2e,.e,=2—4 sin*@/2. 


<. 4sin?9/2= |e, | 7+] e, | 2—9e,.e,= | €,—@. | 2; hence ete. 


y — — _ — — 
17. Refer to Fig. 3.4. Suppose AB L CD, AD L BC. With usual 
notations then 


D 


Fig. 3.4. Tetrahedron 


(b—a).(d—e)=0, (d—a).(c—b)=0. 


s+ 
Add the results and obtain (d—b).(e—a)=0, ien BD L C4. 


19. (i) Take two unit vectors r,,r making angles B, A with the a-axis, 
Then r,=(cos B, sin B); r.=(cos A, sin A). 
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Also r,.r,=cos A cos B+sin A sin B, butr,. ra= cos (A—B). 


= — — 


(iii) BO+C4+4B=0. Take scalar product with IB. 


—> —S ENE — > 


Then BC,AB+CA.AB=-—AB.AB 
or, ac cos (r—B)+be cos (r—A)= —c ; hence etc. 
20. Let P be any point on the semi-circle with centre at O and AOB as 
diameter. Then AP. BP=(p—a):(p—b)=p?—a?=0 ; hence AP L BP. 


1. (i), Gi) If two terms of the identity are zero, the third is so. 
(iii) Multiply scalarly a+b+¢=h by a—b, b—e, ¢—a in turn, 


Vector Product : Definition from Geometric Stand-point. 


DEFINITION. The vector product of two vectors a and b, 
written as a X b, is a vector v whose 


(i) length is |a||b| sin 0, where @ is the smallest angle between 
aandb (0 < 0 <a); 


(ii) support is perpendicular to both a and b (i.e. perpendicular 
to the plane containing aùnd b) and 3 


(iii) sense is such that as we turn the first-named vector’ a to- 
wards the second vector b through an angle 0, v will point 
in the direction in which a right-handed screw would advance 
if turned in similar manner ; see Fig. 3.5. 


In short, ax b=|al|b|sin 0 z, where ¢ is a unit vector normal 
to the plane of a and b and the sense of e is such that a, b, € 
form a right-handed triad of vectors. Our definition implies 
that £ is not defined when 0=0. We agree to write axb=0 
if the angle between a and b be zero, (i.e. ifa and b are 
parallel). 


Note. axpbis a vector. It will be also called cross product or outer 
product of Aand b. Some prefer to use the notation ab for the vector 
product of a and b. 


if 
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Motivation. We have observed before that a force is an 
example of a vector quantity localised along a straight line. The 
directed segment F used to represent the force, gives only its 
magnitude and direction but does not give its position in space. 
To specify the definite position we require another vector besides 
F. Let O be any convenient point, and r be the position vector 


Fig. 3.5. Vector product Fig. 3.6. Moment of a force 


relative to O of any point P on the line of the force (Fig. 3.6). 
Then moment of the force about the point O is defined by the 
vector m=rxF. The vector m is thus perpendicular to the 
plane of r and F and hence perpendicular to the plane containing 
O and the line of F. Its magnitude is p|F|, where p is tho 
length of the perpendicular ON from O to the line of action of F. 
Conversely, given F and m, the force is specified in magnitude, 
direction and position. The line of action of F thus lies in the 
plane through O perpendicular to m, which is the plane OPN. 
Its direction is that of F and its distance p from O be such that 
plF]=|ml. : 


It lies on that side of O which makes a rotation from OP 
to F positive (anticlockwise) as seen from the terminal point 
of m. 
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3°31. Properties of Vector Products. 
From the definition given above we may deduce the follow- 
ing properties : 
(i) Vector product is non-commutative (in fact, anti-commutative) : 
axb Æ bx a (rather, ax b= -b x a) 
For, b X a is a vector v’ whose length is |b]|]a] sin 0, support 
is perpendicular to the plane of b and a but whose sense is 
such that as we rotate b towards a, v’ will point in the 
direction that a right-handed screw will advance if turned in a 
similar manner (Fig. 3.5). Clearly sense of v’ will be opposite 
to that of b xa, though their lengths (viz. |b||al sin 0) are 
same. Hence axb=—b*xa. 
(ii) We have defined 
axb=|al|/b| sin @ < where a and b are not parallel, 


axb=0, where a and b are parallel. 


Hence a X b=0 may lead to one of the four following conclusions : 

(a) a is a null vector ; (b) b is a null vector ; 

(c) a and b are both null vectors ; (d) a and b are parallel. 
Conclusion: For two proper vectors a and b, axb=0 implies 


that a and’ b are parallel. This is the condition of parallelism 
of two non-zero vectors. 


In particular, 
axa=0; ixi=jxj=kxk=0, 


CAUTION. f We should never write ax a=a’", since we have 

already agreed to mean a° = a.a. 

(iii) If a and b are at right angles, then ax b= Ja||ble where 
eis a unit vector in the direction perpendicular to the plane 
containing a and b and its sense is such that 

a,b, axb 
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form a right-handed triad of three mutually perpendicular 
vectors. As a familiar illustration, we have for the three 
unit vectors i, i, k in the coérdinate directions forming 
a right-handed system of axes the following relations : 


ixj=k=-jxi; jxk=i=—-kxj; kxi=j=—-ixk. 
(iv) Associativity with Scalars : 
(ma) x b =a x (mb) =m (a x b). 


i.e. if either factor be multiplied by a number m then the 
vector is multiplied by that number. 


For, (ma) xb=|ma||b| sin 0 € 
= [al{|mb| sin 6} e=a x (mb) 
= |ml{lal |b] sin 0 =m(a~ b). 
More generally, (ma) x (nb)=mn (a x b), where m and n are 
any two numbers, positive or negative. 
Associativity with Vectors : 
(axb)xe and ax (bxc) are both defined but they are not, 
in general, equal. 
(v) An important relation connecting axb with a.b: 
(a x b)? =a? b? -(a.b)?. 
For, (ax b)*=(axb).(axb)=/axb]? 
=|al® |b|? sinĉ0= al? |b|? (1-cos?6) 
` = lal [bl?= Jal? |b]? costo 
=a’ b? — (a.b)?. 
Note that we have used the fact that the square of a vector is 
equal to square of its length. 
(vi) Distributive Law : 
For any three vectors a, b, ¢, > 
ax(b+e)=axbtaxe se (A) 


i.e., vector product is distributive with respect to addition. 
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Secondly, 
(b+e)xXa=bxatexa — «+ (B) 


(This second distributive law is distinct from the first since 
vector product is not commutative). 


Proof. We shall give a geometrical construction for the 
vector product axb which will demonstrate the truth of the 
distributive law directly. 


Fig. 3.7. Vector product ax b=ax b 


S =- E 

First Step. Let the two vectors OA (=a) and OB (=b) be 

inclined at an angle 0 (Fig. 3.7). Through O draw a plane XY 
perpendicular to a. 


We project b orthogonally on this plane, thus obtaining the 
Seu T 
vector OB'=b’. Clearly |b']=|b] sin Next consider the 


“ARIA : 
vector OD=|alb’ i.e. the ¥ector b’ multiplied by the number | al. 
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Now rotate this vector |alb’ about OA in the positive senso 
through a right angle. Suppose the resulting vector is OC, We 
now verify : 

2S 
axb'=axb=00. 
Evidently, 
|axb’| =]al|b’| sin 90°=|al|b| sin 0 (`. lb'| =|b/ sin 0) 
Also, by definition, |axb|=J/al|/b] sing. 
Thus their lengths are same. 


Further, their directions are same, since a, b, b’ lie in one 
plane and the sense of rotation from a to b’ is the same as that 


Hu 
from a to b. Hence our construction of OC shows that it 
_ represents aXb’ or axb. 


Thus we have the following rules for constructing ax b : 


1. Project b orthogonally on the plane XY perpendicular to 
a at O and obtain b’. 

2. Multiply b’ by |a| and obtain |alb’. 

3. Rotate it positively through 90° about the vector a. 


In notations, we may write, axb=RMPb as (C) 


This means that b is projected (P), projection multiplied (M) 
and finally rotated (R). 


Second Step. Hach of the operations R, M, P is distributive 
ie., operating on the sum of two vectors is the same as operating 
on the vectors separately and adding the results ; hence 


RMP (b+ e)=RM(Pb+ Pe)= R (MPb + MPe) 
=RMPb+RMPe. 


Hence using (C), ax(b+e)=axb+axe. 
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Otherwise. We may argue as : 


Suppose b and ¢ are represented by OB and oG (Fig. 3.8) 
of a parallelogram OBDO, whose diagonal OD is the sum b+c. 
We now perform the operations P, M,R on the parallelo- 
gram OBDO instead of on the individual vectors b, c, bte. 


_ Fig. 3.8. Distributive law of vector product 


— — 
We thus obtain a parallelogram OB, D0, whose sides OB,, O01 
represent vectors aX c, axb and whose diagonalis the product 


ax(b+e). From this, the relation 
axbtaxc=ax(bte) 


clearly follows. 


Proof of second distributive law : 


(b+e)Xa=bxatexa. en (B) 


This follows from the first distributive law (A) when commu- 
tative rule (i) is applied. 


his result shows that we may 


Repeated application of t 
dinary algebra, 


expand the ector product ‘of two sums as in or 
provided the order of the factors is not altered. Thus 
(a+b)* (c+ d)=(a+b) xe+(at+b)xd 

' =axc+bxe+axd+bxd. 
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More generally, 
(a+tb+-+k)x(l+m+ +w) 
=(axl+axmt+-+axw) 
+(bx1l+bxm+++bxw) 
+(kxl+kxm+:+kxw). 


Note that (a+b) x (a+b) is not always equal to 
+ axa+2axb+bxb (why?) 


(vii) Vector product of two vectors in terms of their coördinates : 
We oxpress a and b in terms of their coördinates, the axes 
being rectangular ; i,j,k are the unit vectors along the 
three axes, 
Thus a=a,ita.jt+ask, b=b,i+b,j+0,k. 
- Hence, axb=(a,i x bi) + (a,i X b,j) + (ai x bak) 
| + (aai x Dai) + (aaj x baj) + (aai X bsk) 
+ (ask X b11) + (gk X bo§) + (agk X bsk). 
(Distributive Law) 
=(dıba — Gab) 1X j+(@sbı—-aıbg)k xi 
+ Goby ~ azb) j Xk 
=(@aba — agba) i + (Gb, —G1b3) j+ (arba —aabı)k, 
[ using (ii) and (iii) above ] 


The coördinates.of the vector a X b are, therefore, 


Gaba — agbo =| Gs Gy | 


bs bs! 


ag bs 3b; = aba = 


ba bs | 


Qba- Qobi =| Ai ae 
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and consequently we write in a symmetrical form : 
axb=|i j k 
1 üa G3 
b, be bs 


Note that the square of ax b=|axb|?=3S(a2b3-asba)", 
whence, it follows (since |a xb] = lal |blsin 6), 


_ 2 (@ab3— sda)", 
Sa soe 


sin?6 


If (1, m, n), (U, m, n’) be the direction cosines of a and b 
respectively then this gives sin? = X (mn —m'n)*. 

For, l=a,/|al, m=a,/lal, n=s/ lal ; 

and 1'=b,/|b|, m’=be/|bl, n'=bs/lb]. 

Note. The students should make a practice of obtaining the vector 


product of two vectors whose components are given. Thus to find axb 
when a=3i+5j+7k and b=4i+2j+k, one should form the determinant 
k 
SOOT 
421 


and expand in terms of first row. . Thus axb=—9i+25j— 14k. 


(viii) If b=e+mna, where n is a scalar, then 
ax b=a%(e+na) 
=axetax(na)=axc [7 ax(na)=0 ] 


Conversely, If a70 then from axb=axc [or ax(b-c)=0] 
we should not at once conclude that b=c; it may happen 
that b-c and a are parallel (i.e. b may differ from ¢ by 
a vector parallel to a, say na). 


(ix) Vecter area: Vector product as vector area. 


DEFINITION. A plane area bounded by a closed figure 
(without multiple points) and traced in a definite sense corres- 
ponds to a vector A, called vector area, defined as follows : 


106 z PRODUCT OF VECTORS 


(a) length of A is equal to the number of units of area of the 
given figure. 

(b) support of A is perpendicular to the plane of the area. 

(c) sense of A is such that the direction of description of the 
boundary and sense of A corresponds to the rotation and 
translation respectively of a right-handed screw. 


A=zaxb 


CG Say. A 


Fig. 3.9(a) Vector area of a parallelogram Fig. 8.9(b). Vector area of a triangle 


We may now interpret axb as a vector area A of tho 
parallelogram whose sides represent a and b. For, 


“A 
Area, A of the parallelogram = |a||b|sin (a, b). 


Sense of A and a x b are same (as will be clear from Fig. 3.9a). 


We may also interpret 
2 [vector area of AOAB]=axb; 


where a=0A, and b=OB (Fig. 3.9b) 


3°32. Vector product from Algebraic stand-point. 
DEFINITION. If a=(ay, ae, ag) and b=(b,, bo, bs) o 


be two vectors given in terms of number triples, then their cross- 
product a x b is defined by the vector 


(agbs - Gabo, Gabi —aybg, Gibe — aab). 
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Rule. The number triples of axb are determinants formed by 
columns 2 and 3, 3 and 1 (Not 1 and 3), 1 and 2 of the array 


Ae Ge ae 


bi be. bs 
Geometric interpretation : $ 
1. When axb #0, it represents a vector perpendicular to both 
aandb; For, 


a.(a x b)= (a1, da, as). (aabs — Gabe, A301 — A105, A109 — aab) 
= a1 (abs — sba) + do (agb, — ads) a3 (a4 azb) 
=0. 

and similarly, b.(axb)=0. Hence axb L to both a and b. 
2. |axb|?=(@zbs ~asbo)? + (3b, — aiba)? + (Gib, ~ Gad,)? ; 


Jal? =a,2+a92+a5? and |b]?=b,7 +b" tbs"; 
a.b=4a,b, + debe + agbz. 
With these results we can establish the identity 
Jaxb|?=|al? |b]? —(a.b)*. 
Hence |axb|*=]al*|b]?- lal? |b]? cos*0 
=|alļ?lb|? sin”ð. 
laxb]|=la] |b] sin 0. 


This gives the magni- 

tude of a x b. 

3. To find the direction 
of a x b, shift a, b, and 
axb to the origin and 
revolve the trihedral 
O- zyz so that a-axis 
points slong a and the 
y-axis lies in the plane 

Fig. 3.10 To fix the direction of axb 


of aand b and makes 
an acute angle with b (Fig. 3.10). In course of this continuous 
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` rotation axb remains fired. For, it is a vector of known 
length perpendicular to the plane of a and b and continuity 
forbids a change in direction. Now, 


a=({al, 0, 0); b=(Iblcos 6, |blsin 0, 0) 
3 axb=(0, 0, |al|blsin 0). 


Hence axb points along the positive z-axis and since the 
axes are right-handed, the vectors a, b, axb also form 
a right-handed vector triad. 


Conclusion: The product axb as defined before by number 
triples is a vector of length |a||b|sin @ perpendicular to the 
plane of a and b and pointing in the direction that a right-handed 
screw will advance when turned from a towards b. Thus this 
definition is equivalent to the definition of art. 3°3. 


Properties of vector-prodacts: All the properties discussed in 
art, 3°31 can be deduced from the definition 
ax b= (asb; —agba, Gabi — tibs Gibo — Gadi). 
We show, in particular, the truth of the foliowihe two laws : 
(i) Vector Product is anti-commutative : 
For, bX a=(b2d3 — date, bga,—b, dg, biða — 590) 
= — (abs —Ggbo, 650, —4,bg, @b2 — agb) 
= - (ax b). 
(ii) Vector Product is distributive: ax(b+e)=axb+axe 
Since’ a=(4;, de, 63) ; b=(b1, Be, bs); C= (c1, Co; Co) 
b+c=(b, +61, ba +2, bg +c). 
ax (b+e)=f{a,(bs +c3)-as(ba +c); ay (b, +03) — ay (by +05), 
(by +02) -albi +0,)t 
axb={aobs—Ggbo, dab, — abs, ayo —- ob} 
axc=f{acc, - say gC — G10, GyCo — Goer} 


Now we can easily verify ax (b +¢)=a x b+ax ce. 
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Examples. III(B) 
1. The vectors a and b are given by 
a=2i+3j+6k; b=3i-6j+2k; obtain ax b. 
2. Show that (2, 5, — 7) x (-3, 4, 1)=(33, 19, 23). 
3. The vectors from the origin to the points A, B, O are 
a=(2, -1,1); b=(8; 0, 1); e=(1, -2, 3). 
Find the unit vector v perpendicular to the plane ABC. 
4. Find the length of the vector (3i+ 4j) x Gi-j+k). 
_5. Show that the vector a x (b x a) is coplanar with a and b. 

6. Hind the unit vector perpendicular to each of the vectors 
a(l, —3, 4) and b(2, —5, 3) and the sine of the angle between 
these vectors. 

7. If a, b, ¢ are vectors from the origin to the points A, B, O, 
show that b x e+e a+aXb is perpendicular to the plane ABC. 

8. Prove that three points a, b, ¢ are collinear if 

bxet+exataxb=0, a 

9. Show that the laws of refraction of light passing from 
a medium, of refractive index « into one of index w’ is expressed 
by unXu=yunXu’, where n, u,v’ are unit vectors perpendicular 
to the boundary, along the incident ray and along the refracted 
ray respectively. ; 

What does uXn=b xn signify if b is the unit vector along 
the reflected ray ? 


10. Iftwo nonzero vectors r and r’ are given by 
r=cityjtck; r =vi+yj+zk 
(where i, j, k are a set of non-coplanar vectors and m, y, 2; %', y’, 


7 are scalars), prove that the necessary and sufficient conditions 
, 


of parallelism are œ: y: z=0" iy’: 2. 
Choose the scalars u and v so that the two vectors 
(w- i + 9} + 8k and 2i+(v+4)j+k 
may be co-directional. 
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11. (a) Find the area of the triangle ABC, the position vectors 
of whose vertices are a, b and c. 
(b) Find the area of the triangle OAB formed by the two 
points 
A: a=it9j+3k; B:b=-3i-2j+k; 
O being the origin. . i 
12. Find the area of the parallelogram determined by OA 


and OB, where a and b have the same expressions as in the 
previous example, 


13. Show that (a—b)x(a+b)=2(axb). Interpret geometri- 
cally. 
14. The vectors from the origin to the points A, B, C, D are 
a=itj+k; b=2i+3j 
c=81+5j-2k; d=k—-j, 
Show that the lines AB and CD are parallel and find the ratio 
of their lengths. 


15. Given a=+(2, 3, 6); b=7(3, -6, 2); c=4(6, 2, - 3); 
shew that a, b, ¢ are each of unit length, mutually perpendicular 
and axb=c, 


16. Given A=(1, 0, 0) and b=(0, 1, 0), shew that 
sin 40=4/|b-Al, 


where 0 is the angle between 
å and D. 


17. Show that the sum of 
the vector areas, taken out- 
wards, of the faces of tho 
tetrahedron OABOs is zero. 
(Fig. 3.11). 


18. In the triangle ABC, the position vectors of A, B, C are 


Fig. 3.11 Tetrahedron 
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a,b, c and the lengths of the sides BO, OA, AB are a, b,c 
respectively. Show that 

(i) bxe+exataxb is normal to the plane of ABC; 

(ii) $be sin A=43|bxet+texataxb]; 

(iii) sin A : a@=sin B: b=sin G:¢ 


( A, B, O are the three angles of the A’ABC). 


19. If A, B, C, D are any four points in space, show that 
— — => — — — 


ABxOD+BCOxAD+04x BD 
is independent of D. 


20. ABC is a triangle. A’ divides the side BOC in the ratio 
1:2. B’,O’ are similar points on CA, AB. The pairs of lines 


(44', BB’); (BB, CO’); (00', AA’) 


_intersect at L, M, N respectively. Show that the area of 


ALMN =+ area of AABO. 


Hints and Answers 
— — 
1. 42i+14j— 21k. 3. BC=(-2, —2, 2), BA=(-1, —1, 0). 


= — 
Hence BO x BA=(-2, —2, 2)x(—1, —1, 0)=(2, —2, 0). 


* Unit vector v perpendicular to the plane is aL (2, —2, 0). 


8 
4, /74. 5, The vector bXa is perpendicular to the plane 
containing b and a. Also ax(bxXa) is perpendicular to both a and bxa 
and as such it will itself lie in the plane of a and b. 


6. —<9s (11, 5, 1); sin?¢=|axb|?/|a|? |b]? =147/26.38 ; hence etc. 


— —_ 
7. BC=e-—b, BA=a—Db; hence we have 
—- dr > 
e BCx BA=(e—b) x (a—b) =e Xa—cxb—bxXa+bxb 
=bxXe+exataxb ('." bxb=0) 
=given vector. 
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Thus the given vector is perp. to BC as well as BA ie, perp. to the 
plane ABC. 
9. First part. The equation expresses that the incident and refracted rays 


are coplanar with the normal to the surface of separation of the two media 
and also gives # sin i=p sin 7, where i and r are the angles of incidence and 


refraction respectively. 


Second part. The incident and reflected rays are coplanar with the 
normal to the surface cf separation and also gives that the angle of incidence 
and reflection are equal. 


40, Ifrand r’ are proper vectors, then the condition of parallelism gives 
rxr’=0. Hence for parallelism it necessarily follows 
(wit yj + zk) x (wit y'j+2’k)=0, 


jen (ya’— ey!) 1X K+ (x-z) KXi+ (wy! a'y) ixj=0 >e (1) 
Since jxk, kxi, ixj are non-coplanar, three scalar coefficients must 
separately vanish so that 
ya —2y' =0, 2n'— aa! =0, wy! — x'y=0 
which gives giyiz=g' i yiz e . see (2) 
Conversely, if (2) holds, then suppose 
n= do’, y= z=)" (A=a constant X 
These values of æ, y, z will make the left side of (1) vanish so that 
rxr’=0 which will imply r || r’. i 
Second part. Co-directional, if and only if (w-1):2=9: (v+4)=3:1 
whence w=7, v= —3, 
11. (a) Area of the parallelogram given by AB and AC is the length of the 
— — 
vector ABX AC =(b—a) xX (e-a)=bxXe+exataxd. 
area of the triangle ABC=} area of tho above parallelogram 
—> — 
=4|ABxAC| =}|bxet+exataxb| 
(b) Here area=ġ]a xb] =3 V5. 


12. 6/5. 13. Area of a parallelogram is half of the area 
of the parallelogram formed by the diagonals of the first parallelogram. This 
is the geomatric interpretation required. 


_- — 
14. Verify ABx CD=0. 


EEE 


NS Ee 
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17. The vector area of the face ABC (Fig. 3.11) is found as in Ex, 11(a) 
=}(bxe+exa+axd) 


where the origin O is considered to be below the plane of ABC. The three 
terms of the last expression are the vector areas of the faces OBC, OCA, OAB 
measured inwards. Hence the result, 
3°4. Product of three vectors. 
From the three vectors a, b,c the following combinations 

may be derived : 
I. a(b.e) (a vector); multiplication of the vector a by a 

scalar b.c. 
a.b x c (a scalar) ; dot-product of a and b xe. 
a x (b xe) (a vector) ;-vector-product of a and b Xe. 
a (b x ¢) (not defined). 


a. (b.c) (absurd) ; dot-product requires two vectors and here 
we have a vector a and a scalar b.c on each side of the dot. 


Cree ares 


6. ax (b.c) (absurd) ; similar arguments as in 5. 
We shall now consider only two of the above combinations 
viz. a.(b Xe) (called scalar-triple product or box-product) and 
ax(bxe) (called Vector-iriple product). The box-product 
a.(b xe) is also denoted by the symbol 
[abe] ; 
read as bow a, b, €. 


3°41. Scalar triple product. 

Theorem. The scalar triple product a.bxe or [abe] is a 
scalar and is numerically equal to the volume V of the parallelo- 
piped of which the three concurrent edges are a, b,c. Its sign is 
positive or negative according as a, b, € form a right-handed or a 
left-handed triad of vectors. 

Proof. We may write the vector product 

bxc=Ae, 
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where A=|bxel|=|bllel sind (¢ being the smallest angle 
between b and c ) and e is a unit vector perpendicular to b and c. 


Clearly A is the area of the parallelogram OBDO having 
b and ¢ as adjacent sides. Also ¢ is a unit vector perpendicular 
to the plano of the 
parallelogram and it points 
in-a direction as a right- 
handed screw would ad- 
vance when turned from 
b toc. 


If the set a, b, ¢ form 
a right-handed system (as 
in Fig. 3.12) the angle 0 


between ¢ and a is acute 
Fig. 3.12 Box product [a b e] d ther 


; a.bxc=a.de=Alal cos 0=Ah=V 
where h is the altitude of the parallelopiped. 
When the set a, b, c form a left-handed system, 0 is obtuse, 
cos 0 is negative and 
a.bxce=-V 


Note. The above theorem gives a geometric interpretation of tho scalar 


triple product a.b xe; the name box product will now be significant. 


Other Scalar triple products. 


The volume of the parallelopiped may also be obtained by 
forming the vector products of any two of the three vectors 
a, b, c and then taking the dot-product with the remaining third 
vector. The triple product will be positive or negative according 
as a, b, ¢ form a right-handed or a left-handed system of vectors. 
If, however, the order is changed, the sign of the product is 
also changed. For 


bxc=-cxb;cxa=—-axc;axb=—bXa. 
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Tt follows that the volume of the parallelopiped 
=b.(e x a) =(e x a).b= -b.la x ec) = —(ax e).b 
=¢.(a x b)=(a x b).c= — ¢.(b x a) = — (b x a).€ (1) 
=a.(b xe) =(b x ¢).a= —a.(e x b) = — (c x b).a 

Thus we have the following laws : 


1. The sign of the scalar triple product is unchanged as long 
as the cyclical order of the factors remains unchanged. 


2. For every change of cyclical order a minus sign as 
introduced. 

3. The dot and cross may be interchanged at pleasure i.e., 
the product is independent of the position of dot and cross. 


The equalities (1) that we have established above are called 
Parallelopiped Law. 


Note. In box-notations, (1) may be written as 
[bea]=[eab]= —[bae]= — [acb] = etc. 


Since (a.b)xe or ax (b.c) are meaningless the paranthesis in a.(bXe) or 
{a x b).c is unnecessary. 


Scalar triple product when the vectors are given as number-triples. 
Let a=(ay, dg, as), b=(b1, ba, ba), C= (Cx, Ca, Cs). 
Then bx C=(becs—Dsco, BsC1—Dics, dice — batı). 


Hence a.(b x €) = a4 (bacg — baa) + @albacı — bs Cs) 
+ ds(b1C_ — bacı) 


Ch Gs as | 
= | bi ba bs 
C4 Ce Cg 


This is the familiar expression for the volume of a paral- 
lelopiped with one corner at the origin and other corners with 
rectangular codrdinates (a1, de, as), (bs; bas Ds)s. (4; Oss Go): 
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In case the vectors are given in terms of rectangular com- 
ponents, say, 


a=a,itdgjtagk ; b=) it+boj+b,k ; e=c,i+ cojtcgk 
we would obtain the same determinant for a.(b x ¢). 


More generally, if the three vectors are expressed in terms 
of three non-coplanar vectors 1, m, n, we write 


a=ayl+agmt+agn; b=b,1+b.m+ dyn; c=cl + cam + can 
it can be easily shown that 


Gi Ge as 
[abe] =| b, bs by | [mn] 


C1 Ca Cg 


Note. From the theory of determinants we know 


bi bk bs Cy Req, its | oaa O .6,.( = — Qa, Ag ay 
Cı Ca Cs) = |i Ge as' Qi Qa dy Cy Cy Cy 
ár Go Gs by. “65-605 Og Ga SOs by Os b 


They imply [bea] =[cab]= — [bae]= — [acb]. 


Other relations of the Parallelopiped Law can be similarly deduced. 


3°42. Condition of Coplanarity of three vectors. 


Theorem. Jf the three non-zero vectors are coplanar, their 
scalar triple product is zero. 


Let a, b, ¢ be three non-zero coplanar vectors. bxe is a 
vector perpendicular to the plane of b and e. Since a lies in the 
same plane, b X ¢ is also perpendicular to a, i.e., 


a.(b x ¢)=0; or [abe] =0, 


We can also argue in the following way : : 


Since a, b, ¢ are coplanar the volume of the parallelopiped 
formed by them is zero i.¢., a.(b x ¢)=0. 
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Important observations. 


We remark here that a.(bxe)=0 suggests either of the 
' following conclusions : 


1. One of the three vectors is a zero vector. 
2. Two of them are parallel. 


3. Volume of the parallelopiped formed by them being 
zero, they are coplanar. 


As to 2, we find that if a and b are parallel then a=nb (where 
n is a scalar), Then 
a.b x e=nb.bx c 
=nbXb.c (Interchange dot and cross) 
=0.c=0. 
Note that [a ka ¢]=0, since a, ka are parallel. 


In particular, if two of them are equal the scalar triple 
product is zero e.g., [aac] =0. 


3°42°1. Resolution of a vector r in the directions of three 
non-coplanar vectors a, b, ec. 


Any vector r may be resolved into component vectors in the 
directions of three non-coplanar vectors a, b, € as 


r=czat+yb +20. 
We now proceed to find a, y, z. 
Form the scalar product of each member with b'x e. Thus 
r.b x c=aa.(b x ¢)+ yb.b x + ze.b xe 


=z/[abe] {other two scalar triple products vanish] 
_rbxe_ [rbe] ;.. 0 
= abe]. [abc] (` [abc]=0) 
ay g- 20a. ireal), ,_raxb_ [rab], 
Similarly beal labo o leab] label 
[rbe] „ , [rea], , [rab] 
Hence r= Fabel at+ ne, bt abel 
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3°43. Vector triple product. 

We now consider the cross product of a and b x e 

ie, ax(bx oh 

We shall prove: ax (b x e)=(a.c)b—(a.b)e. 

First note that in this expression the paranthesis is necessary, 
for ax(bxc) may not be equal to (axb)xe. Tho sign of this 
product changes every time the order of the factors a and (b x ¢) 
is changed in ax (be) or whenever the order of the factors b 
and ¢ is changed in b X ¢. 


Evidently, q=ax(b*c) is a vector perpendicular to both 
a and (b x ce). 
i.e, qa=0; g.(bxe)=0 or [qbe]=0. 


From the second relation it follows that q lies in the plane 
of b and c. l 


[ Alternatively, observe that q is perpendicular to (bx¢) which itself is 
a vector perpendicular to the plane of b and © i.e. qis perpendicular to the 
normal of the plane of b and ¢ i.e., q lies on the plane of b and ¢. J 


As q lies in the plane of b and ¢, we can express 
q=cb+ye, i 
where æ and y are suitable scalars, 

Proof. To find the actual expression of q we consider a 
unit vector j along b and another unit vector k perpendicular 
to j in the plane of b and e. Now we choose the unit vector i 
so that i,j, k form a right-handed vector-triad. We may now 


put 
b=0i+ b,j + 0k=)b,j 


e=0i+c.j+cgk=c,jt+c,k 
a=a,ita.jt+a,k. 
Evidently, a.b=dobe ; AC =C + Agcy ; 
bxe= (bì) x (caj + cak)}=bacai ( n baj X Caj =0) 
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Hence a x (b.x ¢) = (a11 + doi + ask) X (bacsi) 

=igdeCg)X it Ggbecsk Xi 

= — Ggboegk + asbocsj 

= (aco + 303)boj - (abe)(coj ck csk) 
(Introducing the term a,b.c,j ) 


=(a.c)b- (a.bje. 


Alternative Proof ( Algebraic Standpoint ). 

To prove ax (bxe)=(a.c)b—(a.b)e. 

We suppose that three vectors are given in terms of number triples. 

Let a=(a,, do, as), b= (bi, bas ba), C= (Crs Cay Ca) 

[We may otherwise suppose that the three vectors are expressed in terms 
of rectangular components : 


a=a,ita.jta,k; b=b,it+b.j+b.k; e=c,ite,jtce,k]. 
Then bX c=[b.C,—b5Co, bse. — dies, bye, — dae). 
ax (bx e)=[ao(bie2 —bae,) —a3(b3¢1 — bis), 
as(baCs —bsCa)— a; (bila —b201), 
@,(b3¢,—b Cy) — @a(bacs —bsca) J (1) 
Again, a.b= a,b, +dobatd3b3= a,b, 
a.C =a; C, HAC Hayes = 2A C1, 
(a.c)b=[ (Saye4)d., (Za1c1)ba, (Z10101)bs ], 
(ab)e=[ (34,b,)e1, (Bad, )ea, (Za1b1)cs J. 
Then, (a.c)b—(a.b)e 
=[b,Ba,c,;—¢,2a,b,, ba Zaye, —C22aid1, b32a,c;—CyZaid,) ++ (2) 


Right-hand sides of (1) and (2) can be verified to be identical and so 
ax (b x ¢) = (a.c)b — (a.b)c. 


Corollary 1. bx (c x a)=(b.a)e - (b.c)a= (a.b)e - (b.c)a. 
2. (axb)xe= -cx (axb)= -[(c.b)a- (c.a)b ] 
=(a.e)b - (b.c)a. 
Rule to remember : 


Vector triple product aX (bx ce) is to bz expressed in terms of 


two vectors b and c in the bracket as ab—ye (x, y are scalars). 
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Both x and y are dot-products of two vectors. In each dot-product 
the outer vector a will occur. The coefficient of b=x=a.e and 
the coefficient of e= y = (a.b). 


Tf we call one vector in the paranthesis as adjacent to the vector 
outside, and the other remote, then 


Vector triple product =(Outer. Remote) Adjacent — (Outer . Adjacent) Remote. 


Illustrative Examples. 
1. ax(bxe)+bx(exa)+ex(axb)=0. 
Left side = {(a.e)b — (a.b)c} +{(b.a)e — (b.c)a} + {(e.b)a — (c.a)b} = 0. 
2. If a=(—38, 7, 5), b=(—5, 7, -8), “e=(7, —5, —8), find 
ax (bxc), bx(exa), ex(axb) 
and verify the previous result, 


Here ax(b x ¢)=(a.c)b—(a.b)e= — 71b — 49¢ 
-71(-5, 7, —8)-49(7, -5, - 3) 
=(12, — 252, 360)=12(1, — 21, 30). 
Similarly find the other two and verify the result in the 
previous illustration. 


i 


3°5. Products of four vectors. 


The products of four or more vectors can be easily obtained 
by using the results already considered. We shall discuss a few 
important cases. 


(A) Scalar product of four vectors. 
We consider the dot-product of (ax b) and (cxd) and prove 
the Lagrange’s identity : 
+ (ax b).(e x d) =(a.¢)(b.d) - (a.d)(b.¢) 
ac ad 3 


be b.d 


PRODUTS OF FOUR VECTORS 121 


Proof. Obviously the dot-product of the two vectors (axb) 
and (ex d) is a scalar. Let us callq=exd. Then we have 
(a x b).(e x d)= (a x b).q 

=a.b x q (interchange dot and cross) 
=a.b x (c x d) 
=a.{(b.d)e— (b.c)dt 
=(b.d)(a.c) — (b.c)(a.d) 
=|ac ad 


b.c b.d 


In particular, remember : 
(a x b).(a x b) = (a.a)(b.b) - (a.b)? = a?b? - (a.b)? 


(B) Vector product of four vectors. 
Woe next consider the vector product of (a x b) with (ex d). 


We shall prove 
Tar b CD [abd]le — [abeld } ~ (0) 
= [acd]b —[bed]a 


Proof. Obviously the cross-product of (a x b) with (e x d) is 
a vector. Let us callp=axb and q=¢xd. Then we have 


(axb) x (exd)=p x (ex d) 
= (p.d)e - (p.c)d 
={(a x b).dłc — {(a x b).c}d 
=[abdle—[abeld . (2) 


Again, (ax b)x (ex d)=(a xb) xq 
i =-qx(axb) 
- {(q.b)a— (q.a)b} 
=(q.a)b - (q.b)a 
= fe x d.ałb — {ex d.bja 
Z = [eda]b - [edb]a 
i =[acd]b - [bed]a. . (8) 
(by Parallelopiped law)- 


The relations (2) and (3) together give (4). 
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Corollary. It is evident from the relation (1) that 
[abd]e —[abe]d = [acd]b — [bed]Ja 
Les, [bed Ja — [acd]b + [abd]e —[abe]d=0, 
which is a relation connecting four vectors a, b, e, d. 
We may also write 
[abe]d = [bed]a — [acd]b + [abdle 
=[bed]a + [cad]b + [dab]e (‘." [cead]=— [acd] ) ; 


=([dbela+ [dea]b + [dable. 
When a, b, ¢ are non-coplanar, [abe] Æ 0 and the formula 
[dbe]  , [dea], _ [dab] ue 
<fabel" * [abel”.” tabel® (a) 


expresses any vector d as a linear combination of three non- 
coplanar vectors a, b, c. 


More generally, any vector r can be expressed as a linear 
combination of three non-coplanar yectors a, b, ¢ in the form 


_ [rbe] _ [rca], , [rab] wate 
[abe] anoo labat (5) 


which is a very important and useful formula. 


r a 


3°51, A few Important Illustrations. 
1. Prove ax fb x (e x d)}=(b.d)a x e-(b.e)a x d. 
Solution. Since b x (e x d)=(b.d)e—(b.e)d, we obtain 
ax fb x (cx d)}= a x {(b.d)e - (b.c)d} 
=(b.d)a x ¢ - (b.c)a x d 
2. Expand a x [b x fe x (d x e)}] in the form 
{(a.d)(c.e) — (¢.d)(a.e)tb + {(e.d)e — (c.e)d}(a.b) 
This is left as an exercise. 
8. Show that [b x ¢, ¢ x a, a x b] = [abc]°. 
Solution. Let us put p=bxc¢, q=¢xa,r=axb, 
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Then the left-hand side = [pqr] =p.q * r 
=p.q x (ax b) [ putting r=axb ] 
= p.{(q.b)a — (q.a)b} = p.{labela} 
(1 g.b=exa.b=[abe] ; q.a=eXa.a=[caa]=0 ) 
=[abel(p.a) 
=[abel(b x ¢.a) = [abe]? 
3 4. Reduce the expression (b + c){(e +a) x(a +b)} in its simplest 
form and prove that it vanishes when a, b, © are coplanar. 
Solution. We have (c +a) x (a+b) 
=exatexbtaxataxb 
=exa-bxetaxb (*- axa=0) 


Hence (b +e). {c +a) x (a+b)} 
=(p+¢).fexa-bxce+ax b} 
=(b.exa-b.bxetb.axb+e.c% a-e.bxete.axb 
=([bea] + [cab] (*.* scalar triple product vanishes when 
two vectors are equal ) 
= [abe] 
=0, if a, b, ¢ are coplanar. 
5. Prove [axb, cxd, ex f] =[abd][cef] - [abe][def] 
= [abe][fed]- [abf][ecd] 
= [eda][bef] - [cdb][aef] 


Solution. Let us put p=axb, q=¢* d,r=exf. 
Then we have [par]=p.q*r=@-' X D=I-p * 4 
qxr=(cx d) x (ex 1) =[cefld —[defle 
Hence p.q * r= [cef]p.d - [def]p.c 
= [cef][abd] — [def] [abe] 
Now q.r x p and r.p *q will give other two relations. 
t 6. Prove (bx c).(ax d) + (c x a).(b x d) + (a x b).(e x d)=0. 


Solution. We have : (b X ¢).(a x d) =(b.a)(e.d) — (c.a)(b.d) 
(e x a).(b x d) =(e.b)(a.d) - (a.b)(c.d) 
(a x b).(e x d) = (a.e)(b.d) — (b:e)(a.d) 


Their sum is evidently zero. 
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7. Prove 
(b xe) x (a x d) + (c x a) x (b x d) + (a x b) x (e x d)= —2[abc]d 


This is left as an exercise ; compare this result with that of 
the previous illustration. 


4 8. Prove that 


p.a p-b p 
(parlaxb=! q.a qb q 
ra r.b r 


where p, q, r are any three non-coplanar vectors. 


Solution. Since p, q, T are a set of non-coplanar vectors, 
we have [par] #0. Consider axb=d. Then the four vectors 
P, q; r, d can be connected by the linear relation 


daxr drxp +4pXq a E(D 


~ Tear)? tpg} 9 ipar 


Now observe 
q.a q.b 


2 


d.q xr =(a xb).(q x r)=(q x r).(a x b) = ra r.b 


p.a p.b 
r.a r.b 
| p.a p.b | 4 
| qa q.b 


d.r xp=(axb).(e x p)= - (px r).(a xb)= - 


and d.p x q= (a x b).(p x q) =(p x q).(a x b)= 


Then (1) reduces to 


qa qb/ p- 
ra rbi 


p.a p.b|q+]p.a p.b | r 


[pqr]d = | 
ra r.b | | q.a q.b | 


3 


pa pb p 
=| LARERE d 
r.a r.b r 
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p.a p.b p.c 
q.b q.c 
| r.a r.b r.c 


9. Prove that [pgr|[abe] = 


| ain E yy asc 
Hence deduce [abc]? =| b.a b.b b.c 
c.a eb c.c 
Solution. Writing axb=d and considering four vectors 


P, q, r, d we obtain the linear relation connecting these four 
vectors. Thus 


q.a q.b|p-/p.a pb|q+|pa p.b 
[par]d= | | 


r.b | ra rb qa qb 
Multiplying scalarly with ¢, we obtain 
qa qb \p.e—|p.a p.b{q.e+|p.a_ p.b| rc 
[pqrid.c = i 
ý ra r.b ra r.b q.a qb 
pa pb p.c 


ie. [pqar][abc]=| q.a q.b q.c 
Ta nbe 
Note that d.c=a x b.c=a.b x c= [abc]. 
Writing p=a, q=b, r=e, we get the relation for [abe]’. 


10. Prove that (axb)xc=ax(bXe) when and nly when - 


(ex a)xb=0. 
Solution. (axb)xe=ax(b xe), 
if and only if (a.c)b - (b.c)a = (a.e)b — (a.b)e 
ze, if and only if (b.c)a =(a.b)e - (1) 


This is possible if either 
(i) one of the vectors a, b, ¢ is a zero vector, 
or if (ii) b is perpendicular to a as well as ¢ 


or if (iii) ¢ is parallel (or collinear) with a. 
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All these three conditions are implied by the equation 
(exa)xb=0 se (2) 
Observe that (c x a) x b=(e.b)a—(a.b)e and so (1) implies (2). 


11. Prove that 


i b d 

g(axb)x(exd)=| “* 7 ren 
Go ba Ce deg | 

Aa ba (ae ds 


where a=ayita.j+a,k; b=b,i+b,j+b,k; 
C=C,itcoj+csk and d=d,i+ doj+dgk. 


Solution. We have 
(axb) x (e x d) =[abdle—[abeld 
a, bı .d,|e-| a, bı jd 


ee Gage Co 


a; bs ds Gy bs Cy 


Further, (a xb) x (ex d)=[acd]b —[bed]a 
Oy ey dy") by oy + dy a 


Gaata dy bgitg! ids 


Qa na” ds E E 


Now add the two expressions for (a x b) x (¢ x d) ; the required 
result follows. 


-8'52. Reciprocal system of vectors. 

DEFINITION. Consider a set of three non-coplanar vectors 
a, b, ¢. All vectors can be expressed linearly in terms of them. 
We say that the set a, b, ¢ form a basis for space of three 
dimensions. 


Note that if a, b, ¢ form a basis then [abe] 0 (why 2). 
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Next consider another basis a’, b’, e’ such that 
a.a’=1, a.b’=0, a.c’=0 
b.a’ =0, b.b’ =1, bee’ =0 + = (1) 
c.a =0, ¢.b’ =0, ec =1 
We then say that the set a’, b’, e’ is reciprocal to the set 
a, b, ec. 
Expressions for a’, b’, c’, in terms of a, b, c. 


Consider the three relations in the first column of (1), The 
relations b.a’=e.a’=0 imply that a’ is perpendicular to b 
as well as c and hence parallel to bxe. In other words, 
a’=]; be, where k is a number to be determined. Further 


-from a.a’=1 we derive k=1/[abe]. We thus obtain, 


a _bxe ,,_exa, ,_axb, a 
= fae!” =[abels® ~ [abel (2) 

b’ and e’ being derived in a similar manner fromthe relations 

of second and third column respectively of (1). 


_ The symmetry of the relations in (1) also give~ 


b xe, = 


x xb’ 
aver P“twel aTe] O 


lave iabe] 


a 


We may thus call the set a, b, ¢ reciprocal to a’, b’, €’. 


Relations (1) derived from relations (2). 

We next suppose that a’, b’, e’ are defined in terms of a, b, ¢ 
by the relations (2). We then proceed to derive the relations (1). 
Observe Be, 


ave ab xe _ [abe] 


Gia a: Tabe] = Tabe] =1 


heap eS [aca] a ¥ 
and &b aabo labe] =O m7" [aca] =0 ) 


Similarly other relations of (1) can be derived. 
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Our next step is to obtain relations (3), a’, b’, c” being deftiaed 
by (2). 


(ex a)x(axb) _ [cab] a 


eee A 5 
Now ab xe S [abe]* ~ [abe]? aS [abe] Cart, 3°5 ) 
f 1 teen. AR E EE ri Be 
whence a.b xe = laba] labon Tabol 
This leads to [abe][a'b'c']=1 see (4) 
b’ xe’ 
Consequently. a= [abe]. i 


Similarly obtain the expressions for b and ¢ as given in (3). 


Incidentally we have shown that [abe] is reciprocal to [a'b’e’] ; 
this gives further justification for the name reciprocal to the sets. 
The relation (1) also implies that the box-products [abe] and 
[a’b’e’] must have the same sign i.e. two sets which are reciprocal 
to one another are either both right-handed or both left-handed. 


Other relations connecting two reciprocal sets. 
1. axa’+bxb’+cexe'=0, 
This follows from the identity 
ax(bxc)+bx(exa)+ex(axb)=0 
if we divide throughout by [abe]. ' 


2. Any vector r may be expressed as 


an [rbe] , [rea] [rab] 


[abe] 2" [abe] © * [abe] * (art. 3'5 Cor. ) 


This may be written as 
r=(r,a’) a+ (r.b’) b + (r.c’) c 


and from symmetry it also follows that any vector r can be 
expressed as 


r=(r,a) a’+(r.b) b’ +(r.¢) c 
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3. When a basis and its reciprocal are identical, say 
a=a', b=b’, c=c' 
then the relations (1) give 
aca=b.b=c.c=1, a.b=b.c=c.a=0. 

These equations characterise an orthogonal type of unit 
vectors, 

Hence a basis is self-reciprocal if and only if it consists of a 
mutually orthogonal type of unit vectors. Our familiar set of unit 
vectors i, j, k is self-orthogonal and [ijk] =1. j 


Note. Wegive a short discussion on General bases : 


With an arbitrary basis a, b, ¢ we may express any vector r in the form 
r=7,a+r,b+r,¢ where r, =r.a', ra=r.b' and r, =r.¢' where the basis a’, b’, ¢’ 
is reciprocal to a, b, e We call (rı, 72, 7) components of r for the basis 
a, b, & 


We agree to take (r,’, Ta’, ry’) as components ofr for the reciprocal basis 
a’, b’, e’. We proceed to find an expression for qxr; we take both vectors 
to the same basis a’, b', c’, then 


qxr=(q,a'+q'ob' +g e) x (ri'a +r ab Hre) 


Q2 Qs qs i qx 7 5 
= b’xe’+ c xa'+ a'xb'’. 
2’ Ts rs rs my) a" 
But we know b’xc’=a/[abe] ; etc. and hence 
a b ei 
VARAR N AAS A 
q r= Tabe] Qa Qa Ga 
ry ae | Pd 
Py ps py? ipa pb pe 


1 ' ' eet 
whence p.a Xr= Tape] | 1 92° 93 | “fab e aD ae 


tire Ty r.a PA ere Jy 


a pa p.b p-e] 


I ati : 
This yields the formula [pqr][abe]= |q.a qb qe ( se a} 


ra r.b re 
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If we refer a,b,c and p,q,r to the" basis i, j, k, the left member becomes 
the product of determinants : 


Pr Pa Ps a as as | 


Tı Ta Ts Cy ĉa Cs 


and the formula given above is equivalent to row by row rule for multiplica- 
tion of two determinants. 


Examples. III(C) 


1. Calculate simplest values of 
ab, axb, c.a xb 


where a, b, ¢ are defined by 
a=5i-4j+k; b= —4i+3j-2k ; e=i-2j-—7k, 


(i, j, k are mutually perpendicular right-handed system of 
vectors ). 


2. Explain fully the difference between the geometrical 
implications of a x (bx ¢) and (axb)xe where a, b, ¢ are any 


à threo non-coplanar vectors. 
N 
\ 


NB. Tf a=-3i+7+5k; b= -5i+7j-3k; c=Ti-5j- 3k, 
calculate the scalar magnitude of the volume of the parallelo- 
piped having a, b, ¢ as adjacent sides with a common origin and 
also find the expressions for three cross-products ax (bx ¢), 
bx (exa) and ex (ax b). 


4. Show that the vectors a x (b x ¢), b x (C x a) and cx (a x b) 
are coplanar. 


5. If p, q, r denote the vectors b x e, c x a, a x b respectively 
show that a is parallel to q xr, b is parallel to r xp, ¢ is parallel 
to pxq. 
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6. Prove that 
G) ax(bxa)=(axb)xa; 
(ii) (a—d).(b— ¢) + (b - d).(e — a) +(e - d).(a - b)=0 ; 
Gii) (a-d) x (b-c) + (b- d) x (e— a) +(e - d) x (a - b) 
=A%axb+bxetexa). 
7. Find the set of vectors reciprocal to 
a=(1, 0, 0), b=(1, 1, 0), e=(1, 1, 1). 


Find the components of r=(2, 3, 4) relative to the bases 
a, b, cand a’, b’, e’. 


8. Prove the formula for the area of a plane triangle with 
sides a, b,c: j 


A= Jsls-a)(s=0(s-c), where s=4(a +b +c). 
9. Find the set reciprocal to a, b, a x b. 


10. Find two vectors a, b which are of equal magnitude, are 
mutually perpendicular, each haye the z-component 5, and are 
each perpendicular to 3j+ 4k. | 


11. Express a vector a as the sum of two component vectors, 
one parallel and the other perpendicular to the vector b in the 
form : 


aÅ {(a.b) b +b x (a x b)}. 


12. Spherical Trigonometry. 


If three points A, B, C on the surface of a sphere are joined 
by ares of great circles, the figure formed is called a spherical 
triangle ABC. We consider a sphere of unit radius with its 
centre at O (draw a figure). The position vectors of A, B, © are 


respectively 


=> — = 
OA=a, OB=b, OC =e 
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relative to the centre O; a,b, c€ are then three unit vectors ; 
clearly [abe] > 0. Let a, b,c denote the sides (arcs of great 
` circles) opposite to the interior (dihedral) angles A, B, CO. These 
sides are, in fact, angles BOC, COA, AOB which these arcs 
subtend at the centre and the angle A is the angle between the 
planes AOB and AOC ; other angles are similarly defined. Let all 
the angles and sides are less than z. Now 
b.e=cos a, ¢a=cos b, a.b=cosc; 
bxc=sinaa,cxa=sinbb, axb=since’. 
Here a’, b’, ¢’ are unit vectors normal to the planes BOO, 
COA, AOB and they include angles 
(b, ¢’)=n-A=a (say); (c’, a’)=2-B=0'; (a’, b')=n-C=c', 
so that a’, b's o' are the exterior dihedral angles at A, B, C. 


Moreover : 
vnos exaxlaxn label _ 
sin b sinc sin b sinc’ 
a positive multiple of a. Thus we have the equations 
bic =cosa', ca" =cosb. a'b =cosc’ 
b' xe =sina'a, ¢'xa'=sinb'b, a'xb'=sin c'e 
[abc] =sin a aa’ =sin b b.b’ =sin c ¢.¢ 
[a'b'c']=sin a’ a.a'=sin b’ b.b'=sin ¢ et 
Hence, on division, 
sina _sinb _ sine 
AnA i a Sr Pirate + 
sina sinb’ sinc 


sina _sinb _sinc F 
Of, Se es aw 
* sin A sinB sinC (Sine Law’) 


Again from, (cx a).(a x b)=(e.a)(a.b) — (b.c), we derive 
sin b sin c b’.c’=cos b cos c—cos a 
or ~sin b sin c cos A=cos b.cos¢—cos a |`. b'c =cos (n— A) | 
‘whence, cos a=cos b cos e +sin b sin c cos A ( Cosine Law ) 


Cyclic permutation gives the cosine law for cos B and cos C. 
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Hints and Answers 
1. a.b=—34, axb=5i+6j—k, c.axb=0, 
3. Volume=264 units ; ax(bxe)=12 (i—21j+ 30k) ; etc. 


4. Their sum is-a zero vector i.e., there exists a linear relation connecting 
them ; hence etc. 


5, (xa) x (axb)=[eabJa—[aab]e= [abeJa ; hence ete, 


2 [abe]= § |=1; bxe=(1,~1, 0); a =S = (1,-1, 0): 
1 


10 
Pesan} 
de A 


Similarly obtain b’, eù Relative to the base a, b, ¢ the components are 
r.a’, rb’, r.e' ; see that r.a’=(2, 3, 4).(1,-1, 0)=—1. 


8. From a+b+e=0, deduce c?=q?+b?+2a.b ; now 


4A*=(axb).(ax b)=a7b? — (a.b)? =(ab+ a.b)(ab—a.b) ; now proceed. 


bx(axb) (axb)xa, axb , 
laxb|* axb]? fa b|* 


9 
10. 5i+4j-3k, 5i—4j+3k. 
11. a.b=a cos 0= component of a in the direction of b ; also bb=b. 
Component parallel to b is (a.b) b=(1/b?) (a.b)b and so the perpendi- 


cular component is a -4 (a.b)b = Fe bx (a xb): 


Summary of Chapter 3. 


1. Scalar product (or Dot-product) of two vectors a and b. 


A. Definition: a.b=|a||b| cos 6 where ð is the smallest angle 
between a and b. Thus a.b is a number which for non-zero’ 
vectors a and b, is positive, zero or negative according as the 
angle 0 is acute, right or obtuse. 


B. Condition of perpendicularity : For proper vectors a and b, 
a.b=Oimpliesa Lb. In particular, ij=j.k=ki=0, 
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C. Dot-product obeys 
Commutative Law : a.b =b.a. 
Associative Law (with scalars); a.mb =(ma).b = m(a.b). 
Associative Law (with vectors): need not be considered since 
(a.b).¢ is not defined. 
Note that in general (a.b) c # a (b.c), though both are defined. 
Distributive Law : a.(b+¢)=a.b+a.c. 


D. Parallel vectors: Tf a and b are parallel then a.b= |a] |b] ; 
in particular a.a=a?= |a]? ; alsoii=jj=k.k=1. 


E. If a= i+ a.j+a,k, b=b,ii+baj tbk then 


A a.b= 41), + Gobo +ægbs. 


F. Angle between two vectors : 


x b es G4b, + debe tab 
6= 1 Tani T tal al E AL 292 sig DEN 
EE A ay? +092 + a5? A 
2. Vector product (or Cross product) of two vectors 
a and b. 


A. Definition. axb=|a||b| sin 0e, 
where ¢ is a unit vector (|e| =1) and e is L a and b but tho 
sense of € is such that a, b, s form a right-handed system of 
vector triads. Thus axb is a well-defined vector. 


5 


Vanishing of axb. axb=0 implies either a=0 or b=0 
or both a and b are zero vectors or aand b are parallel. 


For two proper vectors a and b the relation axb=0 implies 
a || b. 


In particular, ixi=jxj=kxk=0. 


> 


C. Vector product is anti commutative: aXb= -b xa. 
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. Definition implies a,b, axb form a right-handed triad of 


vectors. 
We have the useful relations : 
ixj=k=—-jxi; jxk=i=—-kxj; kxi=j=-ixk. 


. Associativity with scalars : 


(ma) xb =a x (mb) =m (axb); 
(ma) x (nb) = mn (a x b) =(mna) x b =a x (mnb). 
But vector product does mot obey the associative law when 
associated with vectors ; in general (a xb) xe Æ a x (b Xo). 
Vector product is distributive with respect to addition. 
Aes ek oa 
(b+e)xXa=bxat+exa 
If a=a,it+a.j+a,k and b=b,i+6,j+ 63k then 
axb=|i j k 
ian gees Og 
by ba bs 
a x b = yector area of the parallelogram whose sides are a and-b. 


If c0 then from axe=bxc¢ or (a-—b)xc=0 we can 
conclude either that a-b=0 or that a—b and ¢ are parallel 
(a=b+ke). But we cannot cancel ¢ to obtain a=b unless we 
know that a-b and ¢ are not parallel. 


Product of three vectors a, b, c. 


. Scalar triple product. a.(b x e)=[abe] is numerically equal 


to the volume of a parallelopiped having a, b, ¢ as concurrent 
edges. [ts sign is positive or negative according as a, b, and ¢ 
form a right-handed or left-handed system of vector-triads. 
Hence the name box-product. 
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Parallelopiped law : 
(i) [abe] = [bea] = [cab] ; 
(ii) Dot and cross may be interchanged : 
[abe] =a.(b x ¢) = (a x b).c. 
(iii) For every change of cyclical order a negative sign is 
introduced: a.bxe=—a.cxb. 
_ Coplanarity : {abe]=0 implies a, b and ¢ are coplanar if the 

vectors a, b and ¢ are non-zero vectors. 
B. Vector triple product. ax (b x e)=(a.e) b -—(a.b)e 

Triple product=(Outer. Remote) Adjacont—(Outer. Adjacent) Remote 


Wo have a x (b x e)= (a x b) x ¢ if and only if (c x a)x b=0. 
An useful identity: ax (bxc) +b x (cx a)+ cx (a xb)=0. 
4. Product of four vectors : 

a.c a.d | 

b.e b.d 


Vector product: (axb) x (ex d)=[{acd] b - [bcd] a 
=[abd] c- [abe] d 


| 
Scalar product: (axb).(exd)= | 
| 


Any vector r can be expressed as 
_ [rbe] „ [rea] , , (rab) 
Š [abe] a tibe] ba [abe] ” 


where a, b, ¢ are any three non-coplanar vectors i.e. [abe] 0. 


5. Reciprocal system of vectors. 

A. Two bases a, b, ¢ and a’, b’, c are reciprocal if the nine 
equations (1) of art. 3°52 hold. Also then 

ses b xe 
[abe] 


cxa ,_ axb 


S Rana © “label” 


G 


Further, by symmetry AAN etc. 


Note that [abej[a’b’e'] = 1. 
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B. When a basis and its reciprocal are identical they are called 
self-reciprocal. Basis i, j, k is self-reciprocal and [ijk] =1. 
C. Components.’ 
i rzatreb t73e : 
raa tra b tra e 

(ri, o, Ta) are components of r for the basis- a, b, © and 
(r,’, re’, ra’) are the components of r for the reciprocal basis. 
Note r, =r.a', etc ; r1 FT.a etc. 
T EEN 
di q2 4s 

, + 


, 
Teo ant Ns 


Pa Pa Da | 


1 ; a ALR 
1% RS Fabel ; pant label ee oa q3 | 


E To Ta 
| p:a p.b p-e | 
[par][abe]= | qa q.b q.c | 


| | 
pra r.b TEN 


4 
Applications on Vector Products 


4'1. Introduction. 


In the present chapter we shall make use of the product 
of vectors in finding the equations of planes, straight lines and 
spheres. We shall also study the elementary properties of a 
tetrahedron. Finally, we shall give a few more applications in 
Mechanics, which involve the vector products. 


4°2. Equation of a plane : Normal form. ` 


To find the equation of a plane perpendicular to the vector m 
and passing through the point a. 

Let r be the position vector of any point P on the plane 
passing through a giyen point a and perpendicular to the 
vector m. A glance at Fig. 4.1 will 


reveal that r-a(=AP) will bo 
parallel to the plane and hence 
perpendicular to m. 

Hence 

(r —a).m=0 sae, (L) 

The relation (1) is true for any 
point P on the plane but for no 
point off the plane and hence it 


gives the equation of the required 
plane. 


0 


Fig. 4.1—Equation of 
a plane: rn=p. 


More common form : 


Let n denote the unit vector perpendicular to, and directed from 
the origin to the plane. The equation of the plane will then be 
(r—a)n=0; ie., rn=a.n. [v8 = (9) 
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But a.n =the length p of the perpendicular from the origin to the 
plane (p= ON in the figure). Now (2) reduces to the common 
form of the equation of the plane 
rn=p S S) 

This is also known as Normal form of the equation of the 
plane. 

Note 1. Wo again remind our readers that n is an unit vector and has 
the sense from the origin to the plane. We shall always consider p to be 


positive under such an assumption for the sense of n and thus we shall write 
(3) in the from p—r.n=0, € 


Important observations. 


1. With reference to a system of rectangular. axes through 
the origin O, suppose P has the coördinates (a, y, 2). Tf the 
unit vector n has the direction cosines (l, m, n) then (3) gives 


la+my+nz=p, 
the familiar form of the equation of a plane in Three-dimensional 
Analytic Geometry. ` 


2. If the origin O be on the plane then (3) reduces to 
rn=0 
which is, otherwise evident because the vector r on the plane is 
perpendicular to the unit normal vector n. 


3. The inclination of the two planes 
p-r.n=0 and p'—r.n'=0 
is the angle 0 between their normals and hence it is given by 


cos 0=n.n’. 


If, instead, the equation of the planes are 


: r.m=p and r.m =p’, 
$ 


m.m 


where m and m’ are not unit vectors then cos 0 = T 
|m] |m’| 
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We consider a plane through P’(r’) parallel to the given plane 
j p-r.n=0. eon (l) 
If p' be the perpendicular distance from the origin to this 
new plane then its equation will be 
p -rn=0, pacha (2). 
Since r’ is a point in (2) we have 
j p -rn=0. ae UB) 
Thus, as seen from Fig. 4.3, required perpendicular distance 


=P'N=p-p'=p-r'n [using (3) ] 


Sign Convention: The perpendicular distance p-r’.n is 
positive for points on the same side of the plane as the origin 
but negative for points on the opposite side. 


Il. The distance from a point P(r’) to the plane p—rn=0 
measured in the direction of the unit vector b, 


From Fig. 4.4 it will be clear that 


A ty we require the distance P’H where 
-J 
“ E P'H is in the direction of the unit 
vector b. 
(0) 
Thus 
H 
Fig. 4.4—Distance measured P'H=kb 


along a given direction. es 
where k=|P’H|. 
Now OH=r'+kb is a point on the plane p-r.n=0. Hence 
p- (r + kb).n=0 ; 


hy: Spin, ; $ 
thisgives k Dal 


. This value of & gives the required distance. 
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Examples. IV(B) 


1. Prove that the points a,(2, 4, —3) and a2(2, — 6, 2) are 
on the opposite sides of the plane 4x + 7y-—42+6=0. 


2. Show that the origin and (2, — 4, 8) lie on different sides 
of the plane «+ 3y- 5z +7=0. 


3. Find the perpendicular distance from the point (4, —2, 3) 
to the plane 6g + 2y—9z=4. 


4. Find the distances of the points (2, 3, 4) and (1, 1, 4) from 
the plane 32—-—6y+2z+11=0. 


5. (a) Find the incentre of the tetrahedron formed by the 
planes x =0, y=0, 2=0 and #+2y+2z=1, 


(b) Same problem with planes x=0, y=0, z=0, 7+ y+z2=<a. 


6. Find the point where the line r=a+żb cuts the plane 
p-rn=0. 

7. Show that the points (1, —1, 3) and (8,3, 3) are equi- 
distant from the plane 5z + 2y — 7z +9=0 and are on the opposite 
sides of it. 


8. Find the perpendicular distance from the point P(1, — 2, 1) 
to the plane 3x — 9y + 4z + 25=0, 


Hints and Answers 
1. First write the equation of the plane in the normal form; thus 
$+3 (4a+Ty—42)=0. 
Now, p-a,n=§-(2, 4, —8).2 (4,7, —4)=6. 
Similarly p—a,n=—4. Hence the two points a, and a, are on the 
opposite sides of the plane. 
3. Writing the equation of the plane in the normal form, we obtain 
Tr tyr (—62—-2y+92)=0 
perpendicular distance from (4, —2, 3) is 
=fr trr (—244+4427)=1. 
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4, 1; 16/7. 5. (a) 1/8, 1/8, 1/8. 
© [2 e- a), 4 6- 9), g6- v3]: 


SA +h. 8. (25 ,/106)/53. 


4°22. Planes bisecting angles between two given planes. 
Let the equations of two given planes be 
p-rn=0 oe (1) 
p-r.n =0 ‘ (2) 

We are to find the equations of planes which bisect the angles 
between (1) and (2). We make use of the fact that any point r 
on either bisector will be equidistant from the two planes. For 
points on the plane bisecting the angle in which the origin lios 
the two perpendicular distances will have the same sign but for 
the points on the other bisector, opposite signs. Hence for the 
first bisector the equation is 

y p-r.n=p -r.n 
Bes; p-p =r.(n-n’) s+ (3) 
The other bisector will have the equation 
p+p =r(n +n’) se (4) 

We observe that the angle @ between the planes (3) and (4) 

i.e., angle between their normal vectors is given by 
cos 6={(n-n’)(n+n)t/|n—n’'||n+n’'|, 

Since (n-n’).(n+n’)=n? -n’?=1-1=0, we get 

cos 8=0 and consequently 0 =90°. 

This proves that the two bisecting planes are perpendicular to 
each other. 

Examples. IV(C) 

1. Find the equation of that plane bisecting the dihedral angle 
between the planes 4a + 7y- 4z+6=0 and 2%- 8y-62=5 which 
contains the origin. 
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2. Find the equations of the planes bisecting the angles 
between the planes #+2y+2z-3=0 and 3+ 4y+122+1=0 
and point out which bisects the acute angle. 


3. Find the bisector of that angle between the planes ` 
3x - by + 22= —5 and 4a -12y+3z=8 which contains the origin. 


Hints and Answers 


1, The equation of the required bisecting plane is given by 
$+ (40+ Ty—42)=$—} (2w— 3y- 62) 
AA 46x +227 —822-—3=0. 


2, The equations of the two bisecting planes are 


4 (e+-2y+22—8)= 4 Bach dys ett 
which gives 2x2+7y—52-21=0 s+ (i) 
11g+19y+31z2-18=0 s+ (ii) 


If @ be the angle between the planes (i) and the first of the given planes, 
we have cos @=2/./78 so that tan 6= ,/74/2, which is greater than 1 and 
hence @ > 45°, Hence (i) bisects the obtuse angle and, therefore, (ii) bisects 


the acute angle. 


3. 670 —162y+472+44=0. 


4°23. Equations of planes satisfying different conditions : 
Use of Triple products. 
When we require to find the equation of a plane subject to 
certain conditions we should proceed as : 
First Step: Find a vector normal to the required plane. The 
given conditions will suggest the line of arguments. 


Second Step: Obtain a point which passes through the 


required plane. 


Third Step: Use form (1) of art. 4°2 to obtain the equation 
of the required plane. 


10 
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(A) To find the equation of a plane which is parallel to two given 
vectors c and A and passing through a given point b. 


Evidently exd is a vector perpendicular to the required 
plane. Again the plane passes through the point b. Hence 
the required equation is 

(r—b).c x d=0; i.e. Ir- b, c, d] =0 


or, [red] =[bed]. 


Otherwise. r-—b, ¢, d are parallel to the required plane and 
as such they are coplanar and hence their scalar triple product 
is zero. Hence ete. 


(B) To find the equation of the plane passing through three given 
points whose position vectors relative to an assigned origin O 
are a,b and e. (Fig. 2.5, Page 53). 


The vectors b-a and c-a are both parallel to the plane. 
Again it passes through a. Hence r-a is also parallel to this 
plane (r being the position vector of any point on the plane). 
Similar arguments as in (A) will give the equation of the required 
plane as 

(r -a).(b- a) x (c-a)=0 ry (1) 

But (b-a)x(c-a)=bxe+exataxb=m (say) oe (2) 

Hence (1) reduces to (r-— a).m=0 where m is given by (2). 


Now am=a(bXe+exa+axb)=[abcl, other terms being 
zero. Hence the required equation will reduce to 
r.m = [abe] 


We remark here that the length of m= |m] =twice the area 
of the triangle formed by the three points a,b,c. (Why ?) 


(C) To find the equation of a plane containing the line r=atitb 
and parallel to the vector e. 
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The equation of the given line implies that it passes through 
a and parallel to b. It is also parallel to ¢ (given). So its equa- 
tion will be 
(r-a).b x e=0 i.e., [rbe] =[abel. 


(D) Lo find the equation of a plane passing through the points a 
and b and parallal to the vector e. 
The plane in question passes through a and parallel to b-a 
and e. Hence its equation will be 
(r—a).(b — a) x e=0, 
which, when simplified gives 
r.(b x e +c x a)=[abe]. 


(E) To find the equation of a plane containing the line r =a + tb 
and passing through a point e. 

The given line passes through a and is parallel to b. The 
required plane, therefore, passes through a, parallel to b and 
a-e. Hence its equation will be 

(rv — a).(a—) x b=0. 
ie. r.(axb+pbxce)=[abc]. 
(F) To find the equation of the plane passing through the line of 
intersection of the two planes r.n=p, r.n’=p' and containing 
the point b. 
The relation 
r.(n-4n')=p- 4p" (where 2 is a parameter) 
represents any plane passing through the common points of the 
two given planes ; for, any point r satisfying the given planes will 
also satisfy it. Now to fix up the value of 4 we are given that 
the required plane contains the point b which gives 
_bn-p, 
: b.n- p' 
Putting this value of 2 we obtain the equation of the required 


b.n-An')=p-Ap’ ie, A 


plane. 
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Examples. IV(D) 


[ In solving numerical problems of finding equations of planes satisfying 
different conditions we advise our readers not to use any of the formule given 
above, For each problem the given conditions will suggest the line of 
arguments. Seo the hints given ]. 


1. Find the equation of the plane passing through three 
points A(a1, Ga, ds), Boy, be, ba) and O(c, ce, Ca). j 


2. Obtain the equation of a plane passing through three 
points (3, 6, 5), (4, 5, 2) and (2, 3, —1). 


3. Determine the plane through the point (1, 2, — 1) which 
is perpendicular to the line of intersection of the planes 
3e-ytz2=1 and w+4y-22=2. 


4, Find the equation of the plane passing through the 
point A(a1, Ge, ag) and parallel to the vectors (li, m4, ni) and 


(las Ma; na). 


5. Find the equation of the plane passing through the point 
(3, — 2, — 1) and parallel to the vectors (1, - 2, 4) and (3, 2, —5). 


6. Obtain the equation of the plane which contains the 
two points A (a1, a2, as) and B(b,, ba, by) and is parallel to the 
vector (li, Ma, m1). 


7. Find the equation of the plane containing the points 
(5, 2, 1) and (4, 1, —2) and parallel to the vector (3, —1, 4). 


8. Determine the equation of the plane passing through three 
points (4, 5, 1), (0, -1, -1) ana (3, 9, 4). Does the plane 
contain the point (— 4, 4, 4) ? 


9. Show that the plane containing the lines r=a+ta’ and 
r=a’ + sa is represented by [raa’]=0. Interpret geometrically. 


10. What is the equation of the plane containing the line 
r=at tb and perpendicular to the plane r.c = q? 
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11. What is the equation of the plane containing two parallel 
lines r=a+sb, r=a’+tb ? 


12. Find the equation of the plane through (2, - 1, 6) and 
(1, — 2, 4) and perpendicular to the plane v- 2y -2z+9=0. 


13. Find the equation of the plane which contains the 
line r=ta and is perpendicular to the plane containing the 
lines r=wb and r=ve. 


14. What is the equation of the plane which passes through 
the line of intersection of the planes r.n; =q;, r.n =q, and 
is parallel to the line of intersection of the planes r.n =q 
and r.n, =q, ? 

15. Find the equation of the plane which passes through 
a and is perpendicular to the plane r=b + te. 


16. Show that the four points a, b, e, d are Coplay if and 
only if [bed] + [ead] + [abd] = [abc] 


Hints and Answers 
1, Take any point P (x, y, 2) on the plane, Then 
—> — 
AP=(x-44, Y~ day EEA AB=(b,-a,, ba— as, by =a). 


EN 
and AC=(c,—a,, Co — aa C3 — as) 
— = — 
are coplanar. Hence their scalar triple product is zero i.e. AP. AB xAC=0 


which gives the required plane in the form : 
j v-a Yas 2-s 
bi-ay ba =a; b,-a, | =0. 
c=, Cady C3—as 


2, 3a—9y+42+25=0, 

8, The directions of normals to the given planes are (3, —1, 1) and 
(1, 4, -2). Their cross product is the vector (—2, 7, 13) ; this is perpendicular 
to the required plane. Hence the required plane -which passes through 
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(1, 2, —1) and perp. to (—2, 7, 13) is given by (w—1, y—2, #+1).(—2, 7, 13)=0 
te, —Qe+Ty+13z+1=0. 


4, Here three vectors (z-a, —d2; 2-45), (Li, Mis nı) and (la, Mas na) 
are coplanar, any point on the plane being (w, y, z). Tho required equation 
will then be obtained by equating their scalar triple product to zero and hence 
the equation is 


ea; Jaar 8—-G, 
l mı n, | =0. 
la The Na | 

5. Qa-+17y+82+36=0., 

— — p 

6. Piz, y,2); AP, AB and the vector (1,, mı, nı) are coplanar, Their 
scalar triple product is zero. The required equation is 

Bay Y— ar 2> ts 
bira ba— aa b,-a,; | =0. 
1) my ny, 

7. Ta+5y—42= 41, 8. 5n—-Ty+112+4=0; yes. 

9, The equations of the two lines give that the required plane is perpendi- 
cular to axa’ and also it passes through a and so the required equation is 
(r—a).(axa’)=0, ie, [raa"]=[aaa’]=0. 

10. [rbe]= [abe]. 11. [r—a, a—a’, b]=0, 
12, 20+ 47-82+26=0, 


18, bxc is || to the required plane, Also the required plane contains r=/a 
which is a line passing through the origin and parallel to a. Hence ax (b x c) 
is normal to the required plane. Further the required plane contains the 
origin and hence its equation is r.a x (bx ¢)=0. 


14, Any plane passing through the line of intersection of the planes 
Tn, = @,, and r.n, =q, is of the form t.(m,—An,)=9,—)q. where À is a para- 
meter. But the required plane is parallel tom, xm, ( why ?) and hence per- 
pendicular to the normal n, —\n, which gives (n, —An,).(n, *n,)=0. 


ies A=(n,n,n,]/[n4n,n,]. Putting the value of \ we obtain equation in 
the form 


(n.n,n,)(r.n,—9,)=[n,n,n,](t.n,—9,). 
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15. [rne]=[ane]. 


16, Four points a, b, ¢, d are coplanar if and only if the point d lies on 
the plane through the three points a, b, e i.e. if d satisfies the equation 
r.m= [abe] (See (B) of art. 4°23) and hence the required condition is d.m=[abe] 
which leads to the condition required. 


Otherwise, The necessary and sufficient condition for four points a, b, 
c, d to be coplanar is that there exists four scalars œ, y, 2, ¢, not all zero, such 
that xa + yb+ze+id=0, a+ yt+2+t=0, 


Eliminating t, the condition becomes a(a—d)+y(b—d)+2(e—d)=0. Now, 
x, Y, 2 cannot all be zero, for then ¢=0 and all four scalars are zero. Suppose 
«740, then dot-multiply by (b—d) x (e—d) ; this gives «(a — d).(b —d) x (e—d)=0 
and hence (a—d).(b—d)x(e—d)=0 ('.* 20). Now expand. 


4'3. Equation of a straight line : Non-parametric form. 


We are already familiar with the parametric form of the 
equation of a line viz. r=at+tb which represents a line passing 
through a and parallel to b and ¢ is a parameter. We shall 
now give the equation of a line which Will not involve any 


parameter, 


Let us consider a line passing through a and parallel to b and 
suppose any point on it ber. Then r-a is parallel to b so that 


(r-a)xb=0 te (1) 


This gives the equation of the line. 


We could derive (1) from r=a+tb by writing r- a= tb and 
then taking cross product with b. Thus 
(r-a) x b=th x b=0, 


which is the same equation as (1). 


More common form. We shall take e as the unit vector in the 
direction of b. Then the equation of the line can also be 
written as 

(r—a) xe=0 4 e (2) 
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4°31. Perpendicular distance from a point P (p) on a line 
(r—a)xe=0. 


The equation of the given line implies that it passes through 
the point a and parallel to the wnit yector e. If P be the point p 
(Fig. 4.5) then 

i — 
AP=p-a, 

Suppose AP makes an angle 0 with the given line. The 
length of the vector product 
of p-a and e is 
\(p-a)xe|=AP sino= PN, 
which is the required per- 
pendicular distance. 


P(P) 


Rule. Put p forr in the 
left member of the equation of 
the line given in the form 
(r—a)xe=0. 


Fig. 4.5. Perpendicular distance 5 
from a point on a line If we require to find the 


position vector of N, the 
foot of the perpendicular, then we observe that 


> lh > => 
ON=0A+AN 
ie. n=atf{(p—a)ele. 


Note that the length AN =(p~a).e and hence the vector 


AN= {(p-a). ele 


It is also easy to verify that 


> > ~~» 


PN=ON -OP=n-p=a-p+{(p-a).ele 


Note. Itis interesting to observe that r.n=0 is the equation of a plane 
passing through the origin and perpendicular to n but rxn=0is the equation 
of a line passing through the origin and parallel to n, 
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f 


4'82. Equations of Lines satisfying different conditions : 
(A) To find the equation of a line passing through b and perpendi- 
cular to the vectors ¢ and d. 


The line is perpendicular to the plane containing ¢ and d and 
hence parallel to exd. Also it passes through the point b ; 
hence its equation will be 


(r—b) x (ex d)=0. 
(B) To find the equation of a line passing through the point a and 
parallel to the line of intersection of the planes 
r.n; =p, and r.n =Po. 
Since n; and ny are normals to the given planes, n, x nq is 


parallel to their line of intersection, Thus the required line passes 
through a and parallel to nı Xna. Its equation will then be 


(r- a) x(n, xn.) =0. 

(C) To find the equation of a line passing through the point a and 
parallel to the plane rm=p and perpendicular to the line 
r=c+id. 

The line is perpendicular to n as well as d and hence parallel 
to d xn and the required equation becomes 
(r-a)x(dxn)=0, © 

(D) To find the equation of a straight line passing through the 
point e, parallel to the plane r.n=p and intersecting the line 
r=atib. 

The required line passes through c. Its equation will be of 
the form 
(r-e)x d=0 te (1) 
where d is # vector parallel to the required line. 


Tofindd. The line r=a + tb passing through a and parallel to 
b intersects (1). Soa plane can be drawn which will contain the 
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given line and the line (1), This plane will contain the points a 
and ¢ and the vector b. Hence (a—c)*b is normal to such a 
plane. Clearly (a-— e) x b is perpendicular to the line (1). 


Again the required line is parallel to the plane rn=p and 
hence it is perpendicular to the vector n. 


We now conclude that the required line (1) is parallel to 
{(a-c)xb}xn. The equation (1) then reduces to 
(r-c) x f(a- c) xb x nt =0. 


(Œ) To find the equation of the straight line passing through 
the point c, intersecting both the lines r=a+sb and r=a’ + tb’. 


Since the required line intersects r=a+sb it will bo per- 
pendicular to (a—e)*b [similar arguments as in (D)]. Also it 
intersects the line r=a’+tb’ and hence perpendicular to 
(a'-e)xb’. The required line will then have the equation 


(r-e) x {a - c) x b} x f(a’ -e) x b'}=0. 


(F) To find the equation of the line of intersection of two planes 
r.n, =p, and r.n =Po. 


Evidently n, x n, is parallel to the required line. In order to 
get one point through which it passes we proceed as : 


= 

Let O be the origin and ON be the perpendicular drawn from 

O on the line. It can easily be seen that ON lies on the plane 
> 

containing n; and ny, So ON can be expressed as a linear 


a 
combination of n, and ng, say ON= In, +U/ng, where J and V are 


scalars to be determined. Again N is a common point of the 
two given planes. Hence 


(in, +1'ng).n, =p,, and (in, +U'ng).ng = po. 
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We solve the two scalar equations for J and 1’ to obtain 


=Pin,* £ -pa (n,.n3) Pana *> pln, Ny) 
i N,N, z- (m, T eaae 3 T A 


Thus the required line has the equation 
fr- (in, +7'na)} x(n, Xn,)=0 where J and 1’ have the 


values giyen above. 


Examples. IV(E) 


1. Find the equation of the line of intersection of the planes 
3Bx-y+z=1 and x +4y-2z=2, 


2. Prove that the line of intersection of æ +2y +3z=0 and 
3x +2y +z=0 is equally inclined to the axes of œ and z and that 
it makes an angle 0 with the axis of y where sec 20 =3. 


3. Find the condition that the three planes r.n =p; 
Do = P2, Y.N =p should haye a common line of intersection. 


4. Show that the planes 2æ+5y+3z=0, w-y+4z2=2, 
Ty -5z+4=0 have a common line of intersection. 


5. Find the locus of a point which is equidistant from the 
planes r.n, =P1, r.Na =p, r.Ng=ps where ny, nə, Ng are not 
necessarily unit vectors. 


` Hints and Answers 
1. (a, y, 2) =a} (106, 73, —28)+¢ (2, —7, —13). 
2. The line is parallel to the vector (1, 2, 3) x (3, 2, 1). Now proceed. 


3. The three planes are r.n, =p, ... (1), r.n, SPa «.. (2), rny=p, ... (3). 
The equation of a plane passing through the nue of intersection of (1) and (2) 


may be wriften as 


r. (o, —An,)=p,—Aps teow (4) 


where A is a parameter. 


156 APPLICATIONS ON VECTOR: PRODUCTS 


Tf the three planes (1), (2), (3) have a common lino of intersection then 
there exists a value for A for which (4) would be identical with (3). That is, 
n,—An,=kn, ... (5) and Pi-Apa=kp, ... (6), where X is a’ scalar constant. 
In order to solve for \ and k we proceed as : 


From (5), (n, —\n,) xn, =n, Xn, =0 

te, An, Xn,=n, Xny een (T) 
Also from (5), (n, —An,) Xn, =kn, xn, 

Àl. kn, xn, =n, Xn, aa (8) 


Thus from (6), (p, —Ap.)(n, Xn,)=Kp, (n, Xn,) 
tes, p(n, Xn4)—Aps (ny Xn,)=kp,(n, Xn) 
ies  pı(n,xn;)-p,(n, xn,)= -p,(n, xn,), using (7) and (8). 
bla p(n, xn,)+p,n, Xn,)+p,(m, Xn,)=0. : 

This is the required condition. 


4, Proceed as in Ex. 3 above and show that the condition is satisfied. 
Otherwise. Observe that : 


equation (1)—2 equation (2) = equation (3). 
Hence etc. 


5. Locus is a straight line determined by the two planes 


Tlno S RBL P h OUAS LARANE TE 
= (Te maT) IE FA AN E 


L E ES NS med Pag 
ae r (Ta p [n] Tn] 
4°33. Condition of intersection of two lines r=a+t ib, 
r=c+sd, 


The given lines contain the points a and cand are parallel 
to band d respectively, If they intersect, their common plane 
will be parallel to each of the vectors b, d and a-e and as such 
their scalar triple product will vanish. że., 4 

s [b, d, a-¢]=0 
which gives the required condition. 
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4°34, Two useful Resolutions and their applications. 

(A) If a,b, c be any three non- coplanar vectors then b xe, ex a, 
aX b are also non-coplanar. Further it is required to express 
a, b, ¢ in terms of b xe, eX a and a x b. 


Solution. Since a, b, ¢ are non-coplanar, 
[abe] 40 oreo) 
Now we know that 
[b x e, exa, a xb]= [abe]? 


Hence the left-hand box does not vanish by (1) and conse- 
quently b x ¢, ex a, a X b are three non-coplanar vectors. 


Second Part. Any vector a can be expressed as a linear 
combination of three non- coplanar vectors bxe, cxa, axb.: 


Suppose 
a=lbXe+mexatnaxb AREN) 


where J, m, n are scalars to be found out. Hence 
a.a=la.b x ¢ + ma.c xa +na.ax b 
=l[abe], other terms will vanish. 


At JPA otro PONE 
Thus l= abel Similarly = Tae) n [abe] 


Putting the values of l, m, n in (2) we get 


a.e 
aS Tabe) °* etree nakra =P 


Similarly we can express b and ¢ in terms of 


bxXe,¢Xaand axb, 


(B) If a, b and c be three non-coplanar vectors then it is required 
to express the three non-coplanar vectors b x e@cxaandaxb 
in terms of a, b and c. 


Solution. Since a,b,c are three non-coplanar vectors we 
e 


may write, 
bxcec=la+mb+ne. 
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Dot-multiply both sides by bxc; then 
“bxe.bxc=la.b xe. 


This gives j= noxe) 


ate _(bxe).(exa) — _ (bx e).(a xb) 
Similarly m= tabal n= Tabe] 
Therefore, we obtain 


(bx c).(b xe), (bx e).(e xa) (b x ¢).(a x b) 
e a a abl ° 


bxe 


Similarly we can express ¢ x a and a * b in terms of a, b, c. 
Applications. 
I. Find the condition that the lines 

r=a+tbxe, r=b+p(exa) 

may intersect. Accepting that condition, find the point of 

intersection ; a, b, € are any three non-coplanar vectors. 

Solution. Using art. 4°33, the required condition becomes 

[b xe, eX a, a—b] =0. 

On simplification, the required condition beomes a.c=b.e. 


To find the point of intersection. 


Let us write a and b in terms of bxe, cxa and ax b, the 
expressions are given by (A) above. Rewrite the equations of 
two given lines as 


b faba] {(a.a)b x e+ (a.b)e x a + (a.c)a x b} + tb xe 
and r= a {(b.a)b x e + (b.b)e x a + (b.c)a x b} + pe x a, 


When they intersect they have a common value for r. Now 
equating the coefficient of bx ¢ we get 


aa aba, 
[abe] pai: [abe] 
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Putting this value of t, we get the point of intersection as 
es 
r= [abe] {(b.a)b x c + (a.b)c x a + (a.c)a x b}. 


II. Find the point of intersection of the three planes 
r.n = P1, rN =P and T.N = ps. 
where Ny, Da and ns are three non-coplanar vectors, not 


necessarily wnit vectors. 


Solution. Let us express the point of intersection r in terms 
of three non-coplanar vectors Ns X Ng, Ny X Ny, N4 X De. as 


5 r=uļ(n, x ns) +o(n, x n,)+w(n, X no), 
where wv, v and w are scalars. Substituting in r.n, =p,, we obtain 


= Pı 
We X Ng Ny =p, and so u =p + 

2 ely = Pr [nnan] 
Substituting in other equations, we similarly obtain 


Peo P3 
v= = —* 
[nnan] [nnn] 


The required point of intersection will be given by 


ii 
Sia na X Ng + PoNg XNy HPN; X Ng). 
r [ninan] (pı 2 3 TPa2Ng 1ıTPslı a) 


4°35. Shortest distance (S.D.) between two skew lines. 


Lot the equations of two straight S b 
lines be 


r=a+tb, r=c+sd. 


These two lines are respectively 
parallel to the vectors b and d. 


d 
Then bxd is perpendicular to both c N 
and hence parallel to their common Fig. 4.6. Shortest distance 
perpendicular PN (Fig. 4.6). . The between two skew lines 


given equations also imply that the points A (position vector a) 
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and C (position vector ¢) lie on them, one on each line, The 
shortest distance (S. D.) p between the lines is then the length of 
projection of CA on n, the unit vector in the direction of b x d. 
Hence 
a4 bxd 
p04 n= (ao) ay ee (1) 


If, again, two non-parallel lines are given by the points A, B 
and O, D then we can find the shortest distance between them 


> — 
by first finding the vector ABX CD which is perpendicular to 
both the lines and then finding the unit vector n in this direction. 


Next we take any vector u from one line to the other (as AC), 


p is then numercially equal to n.u. We may compute n.BD and 
check the result. 
To find the equation of the line PN, 


The line PN is the line of intersection of the two planes 
drawn through the given lines and the line PN. The equation 
of the plane containing the first line and PN is 


(r=a).bx(bxd)=0 — we (2) 
The point N is that in which the second line meets this plane. 


Similarly the equation of the plane containing the second line 
and the common perpendicular to the two lines is 


(r-¢).dx(bxd)=0 NIERE 
The two planes (2) and (3) determine the line PN. 


To find the condition of intersection of two lines, 
This condition is equivalent to the vanishing of p. Hence 
from (1) the condition becomes (compare art, 4°33), 
(a-¢). bx d=0 
or, [b, d, a-c¢c]=0. 
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Examples. 1V(F) f 
1. Find the S.D. between the two lines through (6, 2, 2) 
and O(-4,.0, —1) and parallel to the vectors (1, =2, 2) and 
(8, -2,- 2) respectively. Find where the lines meet the common 
perpendicular, 


2. (a) Find the S.D. between the two lines, one joining the 
points A(-1, 2, -3) and B(- 16, 6, 4) and the other joining the 
points O(1, — 1, 3) and D(4, 9, 7). 

(b) Examine similarly the two lines given by the points 
AREA, BO o ahd O(1, 2, —1), DQ, -4, -5), 
3. Find the S. D. between the lines 
3(@ - 1)=H(y-9)=4(z2-3) ; He - 2) =Hy-3)=(2—4), 
Are the lines coplanar ? 
4. Hind where the S. D. between the lines 
G2 28 VEO 2 = 95. weld ens 
=6 -4 ITE 4 2 
meets them. 

5. Find the S. D. between the lines determined by the 

equations d 

32 - 4y—2+5=0=82-6y-92+13 

3w + 4y- 32+ 2=0= 3g — 2y +62+17 
and also find-where the lines meet the common perpendicular 
between them. 


6. The S. D. between the diagonals of a rectangular paral- 
lelopiped whose sides are a, b, c and the edges not meeting it are 


APOO LE N noa TE G 
Jb? +e? Votta? Ja? +52 
7. Find’ the 8. D. between the lines r=tk, r=a+sb and 
determine the equation of the line which cuts both the lines at 
right angles. 


11 
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8. A straight line intersects two non-coplanar straight lines, 
and moves parallel to a fixed plane. Prove that the locus of a 
point which divides the intercept in a constant ratio is a straight 
line, 


9. The locus of the middle points of all straight lines 


terminated by two fixed non-intersecting straight lines is a plane 
bisecting their common perpendicular at right angles. 


10. In each of the three planes given by two of the lines OA, 
OB, OC a straight line is drawn through O perpendicular to the 
third line ; prove that these three lines are coplanar. 


11. Two skew lines AP and BQ are met by the line of 8. D. 
between them at A and B respectively and P, Q are points on 
them such that AP=p, BQ=q. If the planes APY and BP are 
perpendicular, prove that pq is constant. 


Hints and Answers 
1. Here a=(6, 2, 2) and e=(—4, 0, —1) and so a—e=(10, 2, 8). Again 
b=(1, —2,2) and d=(3, —2, ~2). Hence bxd=(8, 8, 4); n= eat -5 (8,8, 4) 
=4(2, 2, 1). Thus p=(a—c¢).n=}(20+4+3)=9. 
The plane APN is given by 
(w—6, y—2, z—2). (1, —2, 2) x (8, 8, 4)=0 
ien, 2-y—Bs=6, 
The line CN has the equation 
(æ, y, 2)=(—4, 0, -1) +43, -2, —2) 


ota u Ztl 


bels 3 Lanea t 


This line meets the plano APN at the point N whose codrdinates can bo 
easily obtained as (—1, —2, —3). Similarly obtain the point P=(5, 4, 0). 

2. (a) S. D.=7. (b) S. D.=4/3. 

8. 8, D, =0 and thus coplanar, 


4. (11, 11, 31) and (3, 5, 7). 
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5. The first line, being the intersection of two planes, is perpendicular 
to both normals and therefore has the direction of the vector b=(2, 3, — 6), 
One point on the line is a (11/3, 4, 0) (point of intersection of the line with 
the plane z=0). Similarly the second line is parallel to the vector 
d=(2, —3, —2) and one point on the line is e(—4, 5/2, 0). Then bxd 
= — 4(6, 2,3) and n=—3(6, 2, 3); a—c= (23/3, 3/2, 0), and so 

p= —7(6, 2, 3).(23/3, 3/2, 0)=—7. 

Proceed as in Ex.1 and obtain P(3, 3,2) and N(-38,1, —1). 

6. Draw a rectangular parallelopiped as in Fig. 1.18 but use the letters as 
in Fig, 1.17. Suppose we require to find the S. D. between OP and AP’, 


Their equations. are respectively r=d(at+b+e) and r=a+ib. Hence the 
8. D. between them is given by 


{atb+e)xb}{o—a}_ _ __exba S abe Hi 
|(a+b+e) xb] |(a+b+e)xb| b Je? +a? 
*, numerical yalue of the S. D. = aE Similarly obtain others. 
Jc? +a 


7. S. D.=[abk]/|kxb]. The required line is the line of intersection of 
the planes [r, k, kx b]=0 and {r—a, b, kxb]=0. 


8. Take O, the mid-point of the line of S. D. PN as origin (compare 


Fig. 4.6). Suppose OP=a then ON =—a. Let b and d be two vectors parallel to 
the given lines (as in art, 4°35). The equations of the lines will be r=a+¢éb 
and r= —a-+Jd. Suppose the fixed plane has the equation r.n=p. Two points 
A and C, one on each line has the position vectors a+tb, —a+ld (of course 
t, lare fixed constants). The join of A and C will be parallel to the fixed 
plane if 
{a+tb-(—a+/d)}}.n=0 s+ (1) 

Take a point D on AC such that AD: DC=a:4. The position vector of D is 
given by 


1 . 
py Ula t tb) + a(—a+id)} yo (2) 


Equation (1) will give Zin terms of t. Put that value of l in (2) and thon 
obtain (2) in the form r=e+)e where e and eare vectors involving a, Y, 
a,b, d, This will imply that the locus is a straight iine. 

e . 


° — — — 
10. Tako O as origin. Suppose OA=a, OB=b, OC=e. The plane con- 
taining OA and OB is r.axb=0. The line which lies in this plane and is 
perpendicular to OC is parallel to (axb)xe. Other lines can be similarly 
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shown to be parallel to (bxe)xa and (¢xa)xb. Now use the identity 
(ax b) xe+(bxe)xa+(exa)xb=0, so that three vectors (axb) xe, ete. aro 
coplanar, Hence the problem. 


4'4. Volume of a tetrahedron. 

Consider the tetrahedron ABCD (Fig. 4.7) and let the triangle 
ABC he the base and D be 
its fourth vertex. Suppose DNV 
is drawn perpendicular to the 
plane face ABC so that DN is 
the altitude of the tetrahedron. 


D 


— — 
The vector AB x AC is per- 
pendicular to the plane ABC 
and is parallel to ND. 
=> => 
Its length = | AB x AG| 
Fig tt 3 =AB.AQ sin BAG 
Volume of a tetrahedron 
=9AABC 


-'. Volume of the tetrahedron =$ area of AABO x height DN 
=}{4AB.AC sin BAC} AD cos o 
—> - — 
=4 AB x AC.AD 
We shall usually consider the numerical value of the above 
expression as the volume of the tetrahedron. 


Particular cases. 


I. Take A as origin and suppose AB= b, TA c, AD=a. The 
volume of the tetrahedron will then be the numerical value of 

$ b x c.d =}[bcd]. 

II. Take any arbitrary point O as origin and let the vertices 
have the position vectors a, b, ¢, d with reference to O. Then the 
volume of the tetrahedron will be the numerical value of 

$[b-a, c-a, d-a] - 
=+|bed] + [cad] + [dab] - [abe]. 
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TI. Let (#4, Ya 21); (Cas Vas Za), (ws, Vs, 23); (as Ya, Za) bo 
the codrdinates of the vertices of the tetrahedron ABCD with 
reference to a system of rectangular axes through O. If, as usual, 
we denote the unit vectors along the axes by i, j, k, then evidently, 


—_ 


OA=a1i1+ 415+ 21k, ete. and 


— — — 
AB=0B-0A=(£,-%1)i+ (ya - y1) Í+ (z2 - z1) k, ete. 
Volume V of the tetrahedron 


ee 


=4ABx AC.AD=% |@o-%1 Ya- Yı 22-21 
s — Tı Ys—Ysr 43-21 
Giir Ys Yı Zazi 
It is easy to verify by the properties of determinants that 
V=} |e: U4 aro el 
Ve Yo 22 1 
vs Ys Zs 1 
We! Sea ea wel 


If, however, the axes through O are not mutually perpendi- 
cular and if a, b, c be the unit vectors along the three axes then 


we have 


ss 
OA=2,a+4,b+2,¢, etc. and 


> 


AB=(æa-21)a+(ya-y1)b +(za—21)6, ote. 
so that the required volume V is the numerical value of 
et|zs-781 Yo-Yr 227 21 

Us ~t, Ys—Ys 23-23 | [abe] 


atı Ya Yi Zazi 
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Corollary. The S.D. between two opposite edges AC and BD 
of the tetrahedron ABCD is the numerical value of 


(e- a) x(d-b).(d—a) 


I(e- a) x (d—b)| 
For, the edges AC, BD are respectively parallel to c— a, d- b 
and the points a, d lie one on each line ; a,b,c,d are supposed 
to be the position vectors of the four edges, 


Examples. IV(G) 
1. Find the volume of the tetrahedron whose vertices are 
A(2, -1, — 8), B(4, 1, 8), O(8, 2, — 1) and D(1, 4, 2). 


2. A tetrahedron has the vertices 
A(0, 0, 0), B(G, 1, 0), C(O, 1, - 1) and D(1, 0, -1). 
Prove that the vector (1,1, — 1) is perpendicular to the face 


BCD. Also show that the three lines viz. AB, perpendicular from 
A on BCD and perpendicular from B on ACD, are coplanar. 


3. Show that the volume of the tetrahedron bounded by the 
four planes my +nz=0, nz + læ = 0, le + my =0 and la + my + nz =p 
is the absolute value of 2p°/3lmn. 


4. ABOD isa tetrahedron ; Pi, Pa, Pas Pa aro perpendicular 
distances of the vertices from the opposite faces and s4, Say 8, are 
the S.D. between the three pairs of opposite edges, prove that 


Z1/s,*=31/p,*. 


& 


5. In a tetrahedron if two pairs of. opposite edges are 
perpendicular, the third pair is also perpendicular to each other 
and the sum of the squares on the opposite edges is the same 
for each pair. ` ` ` 


6. Show that in the tetrahedron of the previoùs example 
the straight line joining any vertex tó the orthocentre of the 
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opposite face is perpendicular to that face and these four perpen- 
diculars are concurrent. 


7. Show that the sum of the squares of the edges of any 
tetrahedron is equal to four times the sum of the squares on the 
joins of the midpoints of the opposite edges. 


8. Find the volume of a tetrahedron in terms of lengths of 
three edges which meet in a point and the angles which they 
make with each other. 


9. Find the volume of the tetrahedron formed by planes 
whose equations are y+2=0, z+x=0, g+y=0,%+y+z=1. 


10. Prove that the volume of the tetrahedron OABC (Fig. 3.11) 
formed by the centroids of the faces are in the ratio of 27 : 1. 


11. If four lines joining the corresponding vertices of two 
tetrahedron are concurrent, the lines of intersection of the 
corresponding faces are coplanar and conversely. 


12. Lines are drawn in a given direction through the vertices 
0, A, B,C of a tetrahedron OABC to meet the opposite face in 
0’, A’, B’, O'. Prove that 

volume of 0'A’B’O’ 


aa =3. 


volume of OABC 


13. Show that the six planes, each passing through one edge 
of a tetrahedron and bisecting the opposite edge, meet in a 
point. 

14. Prove that the six planes bisecting the angles between 
consecutive faces of a tetrahedron meet in a point, 


« Hints and Answers 


e 
1. Volume=7}. 2. See hints given for No. 9. 
5. Take Aas origin. See Fig. 4.7. The position vectors of B, ©, D with 
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=> — i 
reference to A are b, c, d (say). Then BD=d-b, AC=e. Suppose BD is 
perpendicular to AC and AD is perpendicular to BC. Then 


(d—b).c=0, ie, de=b.e 
and (e—b).d=0, ie, de=b.d 
Hence d.c=b.c=b.d vee (1); 


this gives b.(e—d)=0 ùe., AB is perpendicular to CD, 


Second part. The sum of the squares on BD and AC is d?+-b?~2h.d+ 02, 
In view of (1) the result follows. 


8. We refer to Fig. 3.11, where OABC is the tetrahedron with the threo 


— 


perk 
edges OA, OB, OC concurrent at O. Taking O as origin, let OA=a, OB=b, 


Ta 
OC=c; ZBOC=), ZOCOA=n, ZLAOB=». 
Volume V of the tetrahedron = | [abe] | . 
Now [abe]?=| aa ab ac | (art, 3'5, Tus. 9) 


b.a b.b b.c 
ca c.b c.e 


=| a? ab cos v ac cos p 
ab cos v b? be cos À 
ac cos p be cos X e? 
=a7b%c? | 1 cos v COS p 
cos y 1 cos À 
cos u cos À 1 
+". required volume V=4 abe| 1 cos v cos m | $ 
cos v 1 cos À |, 
cos y cos À i 


where the positive square root should be considered. 


9. Obtain the point of intersection of first three planes viz. (0, 0, 0) 
so that (0, 0, 0) is one of the vertices of the tetrahedron. Similarly obtain 
the other three vertices viz., (=1) 14). Ga ay (1, —1, 1). Now use the 
determinant of art. 4'4, case III. The required yolume=2/3, 4 


13. See Fig 4.7, Let a, b, ¢, d bo the position vectors of the vertices with 
roference to some origin O. The plane containing AB and bisecting DO 
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contains the points a,b, 4(e+d). If r be the position vector of any point 
on this plane then the vectors r—a, b—a, $(¢+d)—a are coplanar and hence 


[r—a, b—a, $(e+d)—a]=0 vee (1) 
This gives the equation of the plane. We next verify that a point p 
given by p=4(at+b+e+d) lies on the plane (1). It follows that the six 
planes, each passing through one edge and bisecting the opposite edge meet 
at p (by symmetry). 


4°41. Properties of a regular tetrahedron. 

DEFINITION. A tetrahedron whose edges are all equal is 
called a regular tetrahedron. The faces of a regular tetrahedron 
are equilateral triangles and hence the angle between any two 
of its concurrent edges is 60°. 


Properties. 

E The angle 0 between any two plane faces is given by 
cos 0=4. 

II. The angle 0 between any edge and the face not containing 
that edge is given by cos 0 =1/ v3. 

III. Any two opposite edges are perpendicular to each other. 
The S.D. between the two opposite edges is equal to half the 
diagonal of the square described on an edge. 

IV. The distance of any vertex from the opposite face is 
/#a, a being the length of any edge. 

V. The perpendiculars from the vertices to the opposite faces 
meet the faces at their centroids. 


Proofs. Consider a regular tetrahedron DABO (Fig. 4.7) 
and take A as origin. With reference to A, suppose the position 
vectors of B, ©, D be b, c, d respectively. Now since the 
tetrahedron is regular, we have 

|b] =e] =|d| =a (say) ; 
|b.e| = |e.d| =|d.b| =a? cos 60° = $a? ; (A): 
b.b=c.c=d.d=a" 


+ 
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I. Suppose we require to find the angle 0 between two plane 
faces ABC and ABD. Evidently b x ¢ and b x d are in the direc- 
tions of normals to the two planes. Since the angle between two 
planes is the angle between their normals, we have 


(b x ¢).(b x d) 


cos 0 = 


Ibxe]|bxal 
But (bxe).(oxd)={bb bd]=| a? 4a? Bh 
sre eA 
cb cd ta? 4a? 


Again |b xe] =|b| |e] sin 60°=4 /3a2=|bxdl so that 
cos 0= ta*/(4 ./3a°)? =4, 


Similarly we can find the angle between any other pair of 
plane faces. 


II. Suppose now we require the angle 0 between any plane 
face ABO and the edge BD. The direction of normal to the 
plane ABC is given by be. Tho equation of the line BD is 

r=b+z(d-b). 
The angle between a line and a plane is the complement of the 
angle between the line and normal to the plane. Hence, 


(b x ¢).(d — b) [bed] ° 


Rie Giecchla-el al i sO 
But, we know that [bed]? =] b.b b.c b.d =4a° 
e.b c.c c.d (OEEO 
d.b d.c 


Again |bx ce] =4 /3a?, [d-b] = length of one edge =a. 
Putting these values in (1) we get sin 0= ,/9/8 and hence 
cos 0=1/,/3. 


— — 5 
III. “First part. AC.BD=e(d-b)=0,d-¢.b=0 in view of 
(A) te, ‘AC is perpendicular to BD. Similarly, we proceed for 
other pairs of opposite edges. 
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Second part. S.D. between AC and BD 


_ex(d-b)(d—e)_ [bed] _ 1 
Iex(d-b)| lex(d—-b)] /2” 


=4,/2a =} (diagonal of the square described on an edge). 
Note that |ex(d—-b)| =le] |d—-b] sin 90°=a’. 


IV. The equation of the plane ABC is r.bxe=0 (since it 
passes through the origin A and perpendicular to bxe). 


The distance of D from this plane is given by . 


dbxe_ [bed] _ 
Deo Mare 


| V. We leave it as an exercise for the students. 


j 4'5. Equation of a Sphere. 

Suppose we are required to find the equation of a sphere of 

| centre C and radius a (Fig. 4.8). Let P be any point on its surface. 
With reference to an assigned origin O let the position vector 
of C and P be c and r respectively. 


pos => 
Evidently CP=r-e, but |CP| =radius of the sphere=a. 


Since the square of a vector P 


| isthe square of its length, we 
may write 
(r-¢)? =a? 

ie, ¥2—Or.e + 0? =a" 

ie, v?-Qr.eth=o (1) A 

whera k= ti-ar =o sa 

Sincu tho relation (1) is true 6 
for any point P on the surface 


of the sphere and by no others 
it represents the equation of the sphere relative to the origin O. 


Fig. 4.8, Equation. of a sphere. 
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Particular cases, \ 


I. When the origin O is a point on the surface of the sphere, 
OC=aand hence k=0, The equation of the sphere will then be 


r*? -9r.c=0, 
II. When O coincides with the centre C, we have simply 


= 
CP=r and the equation becomes r’=a?. 


Problems on Spheres. 
(i) Intersection of a line with a sphere. 


Consider a line r=a + tb passing through a point a and 
parallel to the unit vector b. Tf it cuts the sphere (1) then 


(a +tb)? -2(a +tb).c +k=0, 


Hence the values of { corresponding to the points of inter- 

section will, be given by the roots of the quadratic equation 
t? +2b.(a - e)t+ (a? — 2a.e +})=0 c= (9) 

Note that b? =1, since b is a unit vector. Otherwise the first 
term of the left side of (2) would be tb*. Now if the line cuts 
the sphere in two real and distinct points then we shall obtain 
two values #1, ta for t, corresponding to which there are two 
points P(a+t,b) and Q(a+teb) on the sphere (see Fig. 4.9). In 
this case we haye 

{b.(a-o)}?> a? -2a.¢ + k. 

Also we have AP =t,, AQ=ts, and AP.AQ=tyt, =a? —9a.c+ i. 


T. The last relation is in- 
Q dependent of b and hence 
same for all straight lines 
through a, If P and Q coin- 
A cide at T on the sphere then 
we have the tangent AT to 
the sphere and 
Fig. 4.9. Tangent plane AT? =a? -Qact+h + (3) 


PROBLEMS ON SPHERES 173 


We define the quantity a*-2a.c+k which measures the 
square on the tangent from A to the surface of the sphere as the 
power of œ point a with respect to the sphere (1). In particular, 
the power of the origin with respect to the sphere (1) is k. 
The tangents from A generates a cone, called Tangent cone, 
having its vertex at A and enveloping the sphere. 


(ii) Equation of the tangent plane. 
Suppose A lies on the sphere, then AP=¢, =0, i.e., one root 
of (2) is zero so that 
a®—2a.ct+k=0 ss (4) 
In order that the line r=a+tb through the point a may touch ` 
the surface of the sphere AQ(=t,) should also be equal to zero 
so that 
b.(a-¢)=0 ree (5) 
This incidentally shows that AC is perpendicular to the tangent 
line. The relations (4) and (5) are the conditions of tangency. 
Now if r be any point on the tangent line then 
(r-a).(a-—c)=0 Fam: (3) 8 
in view of (5). This shows that all tangents through A lie on a 
plané given by (6). This plane is known as the tangent plane to 
the sphere (1) at a. On simplification of (6) we get ` 
; ra-a*-r.ctac=0 <- (7) 
Using the relation (4), we write (7) in the form 
ra—e(rt+a)+k=0, s+ (8) 
which we take as the standard equation of the tangent plane at a. 


(iii) Condition that a plane r.n=p should touch the sphere (1). 


Using the fact that the square of the perpendicular distance 
from the centre C on the plane (6) is equal to the square of the 
radius of the sphere it can be easily deduced that the condition of 
tangency ís 
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(iv) Condition that the spheres 
r?—9r.c+k=0, r°- Qr.e' +h’ =0 eee CL) 


should cut orthogonally is 
2e. =h +h eee (Url) 


This is left as an exercise, 


(v) Diametral plane. 
The chord r=at+itb (b=unit vector) of the sphere (1) is 
bisected at the point a if 
(a-e).b=0 
whence it is easy to see that the locus of the mid-points of chords 
of the sphere (1) parallel to the vector b is the plane 
(v- ¢).b=0. + (19) 
This plane is called the diametral plane bisecting chords 
parallel to b. 


(vi) Radical plane. 
“The radical plane of the two spheres given by (10) has the 
equation 
ar.(e-e')=h—-k', 
We recall from Geometry that the locus of points whose powers 
with respect to two spheres are equal is a plane, called radical 


plane, perpendicular to the line joining their centres, Using this 
fact the result follows immediately. 


(vii) Polar plane. 
The polar plane of a point a with respect to the sphere (1) is 
ra-c(r+a)+h=0 s+ (18) 
Tf a variable line is drawn through A meeting the sphere in 
P and Q and if a point R is taken on this line such shat 4, R 


divide this line internally and externally in the same ratio, then 
the locus of R is a plane, called polar plane of A with respect to 
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the sphere. Now deduce (13) and also verify that if the polar 
plane of A passes through B, then the polar plane of B passes 
through A. 


Examples. IV(H) 


1. Show that the equation of the sphere described on the 
join of a and b as diameter is (r — a).(r - b) =0. 


2. Show that any diameter of a sphere subtends a right angle 
at a point on the surface. 


3. Show that the locus of a point, the sum of the squares on 
whose distances from given points is constant, is a sphere. 


4. O is any fixed point and P any point on given sphere. OP 
is joined and on it a point Q is taken so that OP : OQ is a fixed 
ratio, Show that the locus of Q is a sphere. 


5. In the previous example, if OP.OQ =a constant quantity, 
the locus of Y is then called the Inverse of the sphere and O is 
called the Centre of Inversion. Find the inverse of a sphere 
w.r.t. a point (i) outside the sphere ; (ii) on its surface. 


6. Prove that the locus of a point which moves so that its 
distances from two fixed points are in a constant ratio k: 1 is a 
sphere. 


7. Obtain the centre of sphere inscribed in the tetrahedron 
bounded by the planes #=0, y=0, 2z=0, +y +tz=4. 


8. Find the centre and radius of the sphere r° — 2r.e +h =0. 


Hints and Answers 
1. Suppose P(r) is any point on the surface of the sphere. Then 
© 


© — — 


AP =r-a, BP=r-b. 
But diameter AB subtends a right angle at P. Hence 
(r—a).(r-b)=0. 
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2. Let ACB be a diameter; C is the centro and A, B aro points on the 


sphere (1), GA= -CBi t.e.,a+b=2c, aisapointon the sphere and hence 
a’—2a.c+k=0. Now deduce a.b=k. Nextif P bea point on the sphere 
then obtain (using these results) 


<> 


PA,PB=0. 
5. (i) A sphere; (ii) A plane. 
7, Centre (a, y, 2) is equidistant from the four planes and hence 
e=y=2={a—(ct+y+2)}/ v3. 


Now obtain e=y=2= © g6- 3). 


4°6. Applications to Mechanics. 
I. Theorem of Rankine. Jf four forces P,, Pa, P3, Py acting 
at a point are in equilibrium then each force is proportional to the 


volume of the parallelopiped determined by the unit vectors in the 
directions of other three. 


Proof. Tet a, b, c, d be the unit vectors in the directions of 
forces P,, Par Ps, Pi and suppose their magnitudes are res- 
pectively P4, Pa, Ps, Pa so that 


P,a=P,, Pab=P,, etc, 


Since the forces are in equilibrium their vector sum is zero, 
Thus, P,+P,+P,+P,=0 : 
Z Piat+P.b+P,¢+P,d=0 " (1) 
Forming successively the scalar product of (1) with exd, 
ax c, axb, we obtain 
P,[aed] + P [bed]=0 


P [bac] + P,[dac]=0 ets) 
P,[cab] + P,[dab]=0 


With proper choice of signs we can now deduce from (2) 


Pii Py Ps ied . 
[bed] [ead] [abd] [bac] 
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Thus each force is proportional to the scalar triple product of 
unit vectors in the directions of the other three forces and hence 
to the volume of the parallelopiped determined by them, 


Corollary. Lami’s Theorem: If three forces acting at a 
point are in equilibrium then each force is proportional to the 
sine of the angle between the other two. 


In this case P,a+P,b+P,c=0. Take successively the 
vector product with a, b, ¢ ; the result will follow, 


II. Work done by a force. 


DEFINITION, When the point of application of a force F 
experiences a displacement represented by the vector d, the work 
done by the force is the product of the displacement by the 
component of the force in the direction of the displacement. 


Thus 
Work done = |d| |F] cos 6=F.d, 


where 0 is the angle between F and d. 
No work is said to be done if d is perpendicular to F. 


Ii F=F, +F, is the resultant of two forces F, and F, acting 
on a particle subjected to a displacement d, then 
total work done by the two forces 
=F,.d+F,.d=(F,+Fs).d (Distributive Law) 
=F.d = work done by the resultant force F, 
That is, work of the resultant is equal to the sum of the works 
done by the separate forces. We can easily generalise this result. 
Again, when the point of application of a force F experiences 
two successive displacements (Fig. 4.10) 
a — — 
oy d,=AB and d,=BC 
; —> 
then total work done =F.d, +F.d, =F.(d, +d,). =F.AG. 


12 
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That is, the sum of the works in two displacements is equal 

c to the work done by F in the single 

E displacement dı +d. In a similar 
manner we may prove : 


wy de The total work done by a constant 

force when its point of application ex- 

B periences any finite number of succes- 

a sive displacements, is equal to the work 

A done by the force in the single displace- 
Fig. 4.10 ment from the beginning to the end. 

ere gongi E In case, the point of application 

displacements 


traverses consecutively the sides of 
a closed polygon the total work done is zero. 


IIL (A) Moment of a force about a point. 


In art. 3°3 (Page 97) we have already introduced this concept. 

Let F be a force applied to a body at the point P (Fig. 3.6). If 
r be the vector from any point O to P, then we know that the 
vector 

m=rxF 

is called the moment vector of the force F about the point O; mis 
also called the torque of the force F about O. m is evidently 
perpendicular to the plane containing O and the line of F. In 
magnitude, it is equal to the product of the force by the per- 
pendicular distance ON from O to the line of F, Conversely, 
given F and m we may specify the force completely (art. 3'3). 


Important observations. 


1. The vector m does not depend on the choice of the point 


P on the line of F. Thus if Q be any otHer point on the line of 
F we have 


a -> > — ka 
0QxF=(0P+PQ)xF=0PxF ` (7 PQ*F=0) 


But the vector m depends on the choice of 0. 
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2. m.F=r x F, F=0 suggests that F and m are perpendicular 
to each other, 


8. If the force F is the resultant of a number of concurrent 
forces Fz, Fg, Fs,...... F, then 
rxF=rx (F; +F +F +e Fn) 
=rx F, +rxF,+rxF, +- +rxF, (Distributive Law) 
That is, the moment of the resultant of any number of forces 
about a point is equal to the sum of their separate moments 
(Generalised Varignon’s Theorem). 


(B) Moment of a force about a line. 

Suppose we require to find the moment of F about a line 
whose direction is given by the 
unit vector b (see Fig. 4.11). 
We take any point O on that 
line and find the moment vector 
m=rxF of the force F about 
0O. We now define the projec- 
tion of m on bas the moment 
of the force F about the line b. 
Thus the moment of F about 
the line b is given by Fig. 4.11. Moment of a force 

m.b=r x F.b, about a line 


which is six times the volume of a tetrahedron constructed with 
line of F and any segment of unit length b as a pair of opposite 
edges. 

Tt follows that if abe the angle between the lines of F and b 
and d be the length of S.D. between them then the moment of F 
about the line b is |F| d sin a. 


Moments about origin and about the axes of coordinates. 


¢ 
Expressing the vectors F, r, m in terms of their rectangular 
components as : 
F=(X, Y, Z), r=(a, y, 2), M= (Me, my, ms), 
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the moment of F about O=m=rxF 
il, (Me, My Mz) =(yZ— zY, zX- Z, Y -yX) 
so that m,=yZ — zY, my= 2X -%Z, m =£ Y -yX. 
The moment of F about the X-axis 
m.i =yZ -zY = mg, since the unit vector along X-axis is i. 
Similarly we can find the moments about the other two axes. 


Thus the moment of a force F about any axis through O is 
the resolved part of moment of F about O along this axis. 


IV. Rotation about a fixed axis : Motion of a rigid body. 


We consider the motion of a rigid body about a fixed axis ON. 
Let + be the angle at any time ¢ between two planes through ON, 
one of which is fixed in the 
body and the other fixed in 
space. Then w=dd¢/dé is called 
the angular speed of the body 
about ON. If k denote the unit 
vector along the axis of rotation, 
then the vector A=ak is called 


the angular velocit of the body 
Fig, 4.12, Angular velocity of a about ON. K 
rigid body 


Velocity of any point P of the 
body can be expressed in terms of A. Suppose P is any point 
of the body (Fig. 4.12). Let r be the vector directed from Ọ 
to P. Draw PM perpendicular to ON. Then P describes a 
circle whose centre is M, radius is PM and the plane is perpendi- 
cular to the axis ON. Then if v denotes the velocity of P, then 
(assuming Z PON =0), 

(i) magnitude of v=|v|=oPM=olr| sino=|Axr| 

(ii) direction of v is normal to the plane OMP. i 

(iii) sense of v is such that A, r, v form a right handed system. 
In other words, v=A xr, 
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That is, the velocity of any particle of a body revolving about a 
fixed axis is equal to the vector product of angular velocity and the 
position vector of the particle referred to any origin on the axis. 


4°61. Illustrative Examples. 

/ 1. A particle, acted on by constant forces (4, 1, —8) and (8, 1, —1), is 
displaced from the point A (1, 2, 3) to the point B (5, 4, 1). Find the work 
done by the forces on the particle. 

Solution. We call the forces F, and F, so that 
F,=(4, 1, —8), F,=(8, 1, -—1). 
Their resultant F is given by 
F=F,+F,=(4,1, —3)+(3, 1, -1)=(7, 2, -4). 


Thé displacement vector d= 1B=(, 4, 1)- (1, 2, 3)= (4, 2, — 2). 
. Work done by the forces F, and F, = Work done by F 
=F.d=(7, 2, —4).(4, 2, —2) 
= 40 units. 


2. A force 3i+k acts through the point 2i-j+3k. Find the torque 
about the point i+2j—k. 


Solution. Let P be the point 2i-j+38k and O bo the point i+2j—k. 


aa 
Thon OP=r=(2i—j+ 3k) —(i+ 2j-k) =i-3j+ 4k. 
Since the force vector F= 3i+k, the required torque is 
rxF= —3i+11j+9k. 


ey 
3. Find the moment of the force PQ about an axis through A (3, 1, 0) 


in tho direction of the vector (3, 4,12): Given that the position vectors 
of P and Q are (1, 3, 1) and (3, 5, 2) respectively. 


—> — 
Solution. PQ=(3, 5, 2)-(1, 3, 1)=(2, 2, 1); AP=(-2,2, 1). 


_ ed 
Moment of PQ about A=APX PQ 
irae =(-2, 2, 1) x (2, 2, 1)=(0, 4, —8). 


é 


Lia 
Moment of PQ about the given axis 
=(0, 4, —8). 7s (3, 4, —12)= — 80/13. 
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4, A rigid body is spinning with an angular speed of 4 radians per 
second about an axis through O (1, 3, —1) in the direction of the vector 
(0, 3, —1). Find the velocity of any point P (4, —2, 1) on the body. 


Ds 
Solution. Here OP=(4, —2, 1)—(1, 8, —1)= (3, — 5, 2). 


angular velocity A=4- an (0, 3, -1) 


— 
*. Velocity of P=AxOP 
= ip (0% -1)x (8, -5, 2) 


4 
= Jio (1, —3, -9). 

This gives a speed of 4 4/(91/10)=12 (approx) radians per second in the 
direction of the vector (1, 3, —9). 


Examples. IV(I) 


1. The point of application of a force F=(5, 10, 15) pounds 
is displaced from the point A (1, 0, 3) to the point B (3, —1, — 6). 
Show that the work done by the force is 135 foot pound units, 
the unit of length being 1 foot. 


2. A force of 15 units acts in the direction of the vector 
i-2j+2k and passes through a point 2i-2j+9k. Find the 
moment of the force about the point i+j+k. {15/13 ] 


8. A rigid body is spinning with angular speed of 27 radians 
‘per second about an axis parallel to the direction of the vector 
(2, 1, — 2) and passing through the point (1,3, — 1). Show that 
the velocity of a point of the body whose position vector is 
(4, 8, 1) is 9 (12, - 10, i 


4, Bind the moment about the point 3i+j and moment about 
the line r=(3— 44) i+ j+ 32k of the force Ti —j+2k acting at the 
point 6j- k. [ 9i— $432k, —182/5 ] 


5. Show that the torque about the point A(3, —1, 3) of a 
force (4, 2, 1) through B (5, 2, 4) is (1, 2, - 8). 


5 
Differentiation and Integration of Vectors 


5'1. Functions of a single scalar variable: Limit and 
continuity. 


Vector Function. 

Tf to each value of a scalar variable t, in some interval (a, b), 
there corresponds a unique vector F, determined by any law what- 
soever, then F is called a vector function of t, a relation indicated 
by F(t). 


ey 

Illustration. Let r= OP be the vector from a fixed origin O 
to a variable point P on a curve in space. Suppose there exists 
an independent scalar variable ¢ such that when the value of ¢ is 
given, the terminus of r can be located. We then say that r is a 
vector function of t. 


Note. If i,j, k be three unit vectors along three fixed directions it is 
possible to decompose F(t) as 
F(i)= F(t) i+ 7. j+ F(t) k, 
where F', (i), Fa(t) and #’,(t) are scalar functions of t. We may indicate such 
a relation by 
F=(F,, Fa, Fs) 


Limit of a Vector Function. 

Roughly speaking, a function F(¢) is said to approach a cons- 
tant vector A as limit, when ¢ approaches fo, if the length of the 
vector F(t)— A approaches zero. 


To make “the idea clear, first let A 0 then F(¢) has almost 
the same direction and almost the same magnitude as that of A 
when ¢ is near to; but if A=0 then the direction of F(t) may 
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vary arbitrarily provided merely that the magnitude |F(¢)| 
approaches zero. In symbols, we write the above statements as 


lim F(¢)=A. 


toto 


Analytical Definition. b 


A vector function F(é) is said to tend to a limit A, ast 
approaches fo, if, to any preassigned positive number s, however 
small, there corresponds a positive number ô, such that 


IF@-Al<e when 0 <|t-tol< ô 
We express this fact by writing 
lim F@)=A. 
t>lo 
Theorems on Limit, 


We state the following results without proof. The curious 
reader may, however, attempt to prove them by using the 
analytical definition given above ; the line of arguments will be 
almost similar to the corresponding results in Scalar Calculus 
(See Maity and Ghosh, Differential Calculus (1961) chapter 4). 


Theorem 1. Suppose 
F(t) =F, (i+ Falt) j+ F(t) k and A=4 i+ A,j+A,k, 


where i, j,k are unit vectors in three fixed mutually perpendicular 
directions. 


Then lim F()=A 


t>to 


implies three relations : 

G) lim Fali)=4,; (ii) lim F.(t)=Aq; (üi) lim F3(t)= A, 
t>to 2 t>to t>to 
and conversely. 


Theorem 2. Jf F(t) and f(t) are two vector Junstions of the 
scalar variable t, then 


(i) lim [F() + £(¢)] = lim F(z) + lim f(t) ; 
>to to t>to 
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(ii) lim [F(¢). £()] =lim F(t). lim f() ; 
t>to t>to t>to 
(ii) lim [F(é) x £(¢)] = lim F(é) x lim £(¢) ; 
t>to t>to t>to 
Also if $(t) be a scalar function of t then 
(iv) lim [oQFO] =lim #(@) lim F(t); 


provided all the limits under consideration exist. 


Continuity. 

DEFINITION. Let F(t) denote a vector function of a scalar 
variable ¢ over the interval a <t <b. Let to bea value of ¢ in the 
given interval. Then F(é) is said to be continuous at t=to, if, 


lim F() = F(t). 


; t>to 
Also F(t) is said to be continuous in (a, b) if it is continuous 
for every value of this interval. 


Theorem on Continuity. 

The sum, difference, scalar product and vector product of two 
continuous functions are also continuous and the product of a 
continuous vector function with a continuous: scalar function is 
also continuous. f : 

Proof. The results follow from Theorem 2 on limits.. We 
take one case. Suppose F(é) and f(t) are continuous vector 
functions of ¢ for t= to, then we have 

lim [F(é) +£@)] = lim F(¢) + lim f(¢) 
t>to t>to t>to 
= F(t.) + f(t) 
That is, F(t) + £(¢) is continuous at t= to. 
The other results can be similarly proved. 
With the help of Theorem 1 we see that if 
© FO=[FLO, Foli), Fs) 
be continuous, then F(t), Fa(t) and F,(t) are also continuous 
scalar functions and conversely. 
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5'2. Derivative of a vector. 
Suppose that F(t) is a single-valued function of a scalar 


= 
variable ¢. Relative to a fixed origin O let OP be the value F(i) 
corresponding to some fixed value t, say t=to, of the scalar 
variable. Now suppose the value 
to + At of t corresponds to the value 
F(t, + At) of the vector function and 


let OQ=F(t, + At) (Fig. 5.1). The 
increment in F(t) when ¢ changes from 
to to to + At is 


AF=F(t, + At) - F(t.) 


— — — 

=0Q-OP=PQ. 
Pig. 5.1 Since At is a scalar and AF isa 

PESraranng ORA vector vector, we may now obtain 


AF _ PQ. 
At At 
This is itself a vector extending along PQ. If this vector 
approaches an unique finite limit when At approaches zero, that 
limit, is called the derivative of F(é) with respect to ¢ at t=to. 


When this limit exists, the function F(é) is said to be derivable 
at t=t5 and this process of determining the derivative of the 
function is called differentiation or derivation. Thus the deriva- 
tive of F(t) with respect to ¢ at t= to, when exists, is given by. 


lim AF x jim Fo + At)—Flto) _ dF 


aio At  Atso At dt = Fito). 


If at every point in the interval of definition of the function 


F(t) the derivative exists we obtain, the derived function 


4 dF 
F(t) or di 


ee eee ee ee 
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in this interval, where - 


F(t + At) - Fi), 
At 


¢ being any point in the interval of definition. 


PO Mo 


Relation between Continuity and Derivability. 


Theorem. Jf F(t) exists at t=to, then F(t) is continuous at 
t=to. In other words, every derivable function is continuous. 


Proof. Clearly, lim, [F(to + At) — F(to)] 
IA F(t. + At) - F (to) 
ip, [a co | 


= flim Ai}ftim, Fie ANPU 9 Pli) =0. 


At>0 
$ lim F(to + At) = F(t) 


proving that F(t) is continuous at t= to. 


Otherwise. If F'(to) exists we may write 
Riot A= Ae Rito) py.) +e 
where £ > 0 as Ai 0; hence 
F(t, + At) - F(to) ={F'(to) + At 
and as At— 0, j 
Flto + At) > F(tò). 
Hence ete. 


Converse. The converse of this theorem is not true. Thus 


F(t) = |¢li, 2 
is continuous at ¢=0 but not derivable there. 
For, © |RQ)-F()|=|eli-o|= 1 


whence, ‘lim F(t) =0=F(0). 
i>0 
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Also F(t) — F(0) _ ki; 


t0 
so that the limit is i or —i according as t tends to zero through 
positive or through negative values. Hence F’(0) does not exist 
since the limit is not unique. 


Derivatives of higher orders. 


If the derived function F’(t) is also derivable i.e., if 
F+ At)—-Fi(t) ` 
l PAi ES i 
‘ A0 At 
exists then we say that the second derivative of F(t) exists and 


we denote this second derivative by 
d (dF °F 
(E) or OF or ro 
Higher order derivatives 
ar, iP, 
Gb dis 


are similarly defined as in scalar calculus. 


ete. 


5'3. Derivatives of sums and products. 


The fundamental rules of differentiations hold for vectors 
very much like scalar calculus, but with this important difference 
that the order of the factors must remain unchanged in all 
expressions where a change in the order of the vectors, would 
make a different significance, as in cases of cross products. 


Law I. The components of F'(t) are derivatives of the compo- 
nents of F(t). Thus, if \ 
$ sF) = Fali) i+ Fali) j+ Fali) k 
is a derivable (vector) function of t then Fi, Fo, Fa are also 
derivable (scalar) functions of t and further 
dP _ dF, 
dt dt 
and conversely, 


> 


dks 
a * 


: a, 
EF ät j+ 
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Proof. We have 
Fi + A-F) Fitt AD- FO), 
At At 
4 Polt + At) — Folt) i+ ¿Fatt At) - Flt) y 
At At 
By Theorem 1 of art. 5'1, the limit on the left (as At — 0) 
exists if any only if the three limits 


Pye A+ Fl, 
At 


lim ete. 


ât>0 
all exist. When these three limits exist we obtain easily 
F(t) =F (t) i+ Falt) j+ F'slt)k. 
Hence the proposition. 


Law II. The derivative of any constant vector € is zero and 
conversely. That is, 


then c is œ constant vector. 

The proof is, obvious, for an increment A? in the scalar 
variable ¢ produces no change in ¢ i.c. Ac=0 so that Ac/At=0 
for every increment At and consequently 


The converse is also true. 
Suppose the derivative of ¢ is zero. Then if C=c,i + coj + csk, 
we have, by Law I, 


a de_de,,. +% žes 
C dt dt EEN 


de _ Ti dey den _ 
Now . dt =0 implies dt =0, dt PoS 0, 
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whence it follows that c1, C2, Cs are constants so that the vector 
c is a constant vector. 


Law II. The derivative of the sum of two derivable vector 
functions u and v of the scalar variable t, is equal to the sum of 
their derivatives. That is, 1 


d -1 , dv, 
TEDI ae © ae 


Some authors prefer dashes to indicate derivations : accordingly, 
(u+y)'=u'+v. 
Proof. The increment in u+v=A(u+v) 
=(ut+ Au+v+ Av)-(u+y) 
= Aut Av 


Atu+v)_ Au, Av, 
At At Ai 


Proceeding to the limit as At > 0, we have 
d d d 
TE AA 


The rule can obviously be extended for any finite number of 
vector functions. Similarly it can be shown that 


d yaan dv 
de) =a ae 

Law IV. The derivative of the product fu of a scalar Ff and 
a vector u, both being derivable functions of the scalar varible t, is 
given by 5 


d _,du , df 
dt (fu) =f dt ¥ di" 


p 


or (fu) =fuw + fu. 


Proof. If Af and Au are the increments of f and u corres- 
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ponding to the increment Ai, then the increment in their 
product is given by 


A(fu) = (f+ Af\(u+ Au) -fu 


=(Af)u+f(Au) +(Af(Au) 
A(fu)_ Af Au, Af 
“At Att tt Ag t Ay ae 


Proceeding to the limit as At tends to zero the result follows. 
Note. Law I can be deduced by applying Law IV in 
F(= F(t) i+ Fali) i+ F(t) k 


and remembering that the derivative of constanti vectors i, j, k all will be zero. 


Law V. The derivatives of the scalar and vector products u.v 
and u x v are given by the formulae 


d =u, M, ; 

F (u.v) ugt Y (4) 
a =yx Via 

ay UX Vax G+ oxy (B) 


Their proofs depend essentially on the distributive laws for the 
dot and cross products. 


CAUTION. In (B) the order of the factors must be maintained, 
We give the proof of (B) and leave the proof of (A) to the 
students, 


Proof of (B). If u and v receive increments Au and Av for 
an increment At in ¢, then the increment in u x v is given by 
Aux v)=(u+ Au) x(v+ Av)-u xv 
=ux Av+ Auxv+Aux Ay 


x A á 
whence, Anxa AY 4 An xvi x Ay 
and in the limit 

dv , du 


d a av 3 
atv) uxa ET Xv. 
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Note 1. We have assumed that u, v and uxv are all derivable functions 
of t, 


Note 2. In both the terms on the right side of the formula (B), u and v 
occupy the same positions as they do in the product uxv. It would not be 


correct to replace the second term by v x a 7 unless the sign is changed at the 
same time. 


An Important Corollary. In (4) put v =u, we have then the 
useful formula : 


d 2 
ai (u.u) = 2 (u2)= out a 


In view of the fact u.u= u? = |u]? and the derivative of the 
scalar |u]? 


“aiel 2a 
we have, ra lul z 1 flu 


Again, if we put wae in (B) we get 


dt 
Al du) _ du „ du &u_ d'u, 
dt usa- dt * at 7 a gee 8% G58 


Law VI. Jf u is æ derivable function of a scalar variable s, 
and s is again a derivable function of another scalar variable t, 
then 

du _ du ds 


dt ds dt 
Proof. Lett as an exercise, 


5°31. Two important theorems. 
Theorem 1. Vectors with constant magnitude. 
A necessary and sufficient condition that a proper vector u has a 


constant length is that 


` du 3 
u- at =0 eae (i) 
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Proof. Since |u|? =u? =u.u, we have from Law IV 
G@) 2d) a _o du, 
gy "l? = gO 20. 7 
Now |u| =constant implies (i) and conversely. Hence the 
theorem, 


We note that the theorem expresses the fact that the 
derivative of a vector of constant length is perpendicular to that 
vector, 


Theorem 2. Vectors with constant direction. 


A necessary and sufficient condition that a proper vector u 
always remains parallel to a fixed line is that 


du aD (ii) 


Proof. Let u=u û where ù is the unit vector in the direction 
of u and w be its length. 


Then, 
du, d 6 
ux gg hx get) 
of du dû aas dA. ad) 
= ua x (4 û+u =u ix C ûâxû=0) 
Whon u remains parallel to a fixed line, û is constant and hence 

dû 
dt 


and as such the condition follows necessarily. 


Conversely, since u Æ 0 the given condition leads to 


’ 


pe aa 
ax ft (iii) 
But & has a'constant length unity. Hence, by theorem 1, we get 
dû _ 7 
a. ai S, (iv) 


13 
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The equations (iii) and (iv) are contradictory unless 


dee 
that is, the unit vector Mis constant which means that u is 
parallel to a fixed line, 


Note. Readers would do well to compare at this stage Law II and the 
results of the above two theorems, 


5°32. Derivatives of triple products. 


As in scalar calculus, derivatives of triple products will be 
equal to the sum of the quantities got by differentiating a single 
factor and leaving the others unchanged. We have then the 
formulae 

4 tah ee) a 8 (® xe) +a.( ae) 
FA [a.(b x'c)] qg xe) +a. q “e)ta. bx 


and gila» (bx o)l = FP x oxo) ta x (Z? x o) a x (bx 20). 
The results can be easily proved by repeated applications of 
Law V of the previous article. The cyclic order in each term 
of the first formula should be maintained. The order of the 
factors in each term of the second formula should also be main- 
tained ; otherwise a change of sign may be necessary. 


Examples. V(A) 


[ Note: In the following examples, r is a function of t; a and b are 
constant vectors ; r, a, b are the respective lengths of r, a,b. Dashes donote 
differentiations with respect to ¢ J. 

1. If r=¢°i-tj+ (2+ 1)k, find at t=0 the yalues of 

dr. d'r. d'r, A d*y 
di? 


2. If r=5ti+żj-t°k and s=cos 6i-sin 0j - Sk, find the 


dt’ dé®” de®’ | ay 


Ao & d 
values of z; (r.s), g € x9), q er) 
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3. If r, =(sin 0, cos 6,6), r2=(cos 0, —sin@, -3) and 
rs =(2, 8, —1), find 


d 
do {ry x (ra x Ta)} at 0=0. 
4. Evaluate the following derivatives : 
a df dr ar ah: ar dr 
(i aa it” dt” (ii at * at? ey 
5. Evaluate the following : 
BY aie! i 
o Glrxe’xry]s Gi flex xr") 


6. Find the derivatives (with respect to t) of the following : 


(i) r?r+(ar)b; (ii) (ar +7b)? ; (iii) zs 

(iv) r ; (vy) r°r+ax z ; (vi) pos 

(vii) oe fee AE E E A He am (ix) r? ee 

(x) 97+ 4 ; (xi) 4m ly $ (xii) rxs -r xs. 


; ; ELAT 
7. Differentiate r +b? with respect to t. 


8. [If r be the displacement vector at any time ¢ of a moving point then: 


we shall prove in our subsequent discussions that the velocity-vector wo 


and acceleration-yector = 2 a F at the instant £]. 


At an instant ¢ the vector from the origin to a moving point is. 
r=a cos witb sin wt 
where a and þ are constant vectors and w is a scalar constant. 
(i) Find the velocity v and show that 


r X v=a constant vector. 
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(ii) Show that the acceleration is directed towards the 
origin and is proportional to the displacement. 

(iii) Prove that the velocity v of the moving point is 
perpendicular to r. 


What is the physical interpretation of this motion ? 


9. Verify that 

r= ag™ıt +be™:t 

satisfies the differential equation 

2. 

as + ye +lr=0 (k, lare scalar constants) 
dt dt 

where m, and ms are two unequal roots of the equation 

i m?’ +km +1=0 
and a, b are arbitrary constant vectors. 


Also show that if the two roots of the above quadratic 
equation are equal (say m, and m,) then 
r=(a+tb)e™ : 
will satisfy the differential equation. 


10. Ifir=[a cos t, a sin t, at tan a], then evaluate 


dy, d'r] drar d'r ! 
de da? PF ay aaa a 


Hints and Answers | 
1. ‘Using Law I of art 5'3 we obtain 


T= (24 —1, 2); at t=0, r'=(0, —1, 2). 
r"=(2, 0, 0); at £=0, r”=(2, 0, 0). 
r= (0,0, 0) ; at t=0, r= (0, 0, 0). 


Hence |r’ = /0+1+4= Nö; |e"| = /440+0=2. 


ds j 
dt > 
=(10, 1, —3£2) . (sin ¢, —cos ¢, 0)-+(5t%, ¿£ —¢°) . (cos £, sin t, 0) 
=10¢ sin ¢— cos t+ 5t® cos ¢+¢ sin t=(5¢?—1) cos +11 ¢ sin t 


2. (i) oe 8) =O gtr, 
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Alternatively. Obtain r.s=5t? sint—tcos¢. Then 
ï 
fi (r. 3)= 7 Z (5t? sin t—¢ cos 4)=(5t? — 1) cos t+ 11t sin ż. 
(ii) 2i (rxs)= (t° sin t—3t? cos t) i— (t° cos ¢+3¢? sin t) į 
+ (5¢? sin ¢—sin ¢— 11t cos t) k. 


GE d y= or Has 2(5¢24-+ tj — tk). (LOfi-+j — 342) = 1004? + 24+ 6t. 


8. 7i+6j—6k. 
4. (i) We use the formula of art. 5°32, 


(are arr) Oe r Farell hye pt 
gtr Bx St jerre HELT xr! tran’ XT”. 


Since the scalar triple product vanishes if two of the three vectors in the 
box are same, the first two terms on the right vanish. Hence the required 
product is the box [ r r'r" ]. 


(ii) Taking derivative of [rr‘r’’] it can be shown that this second 
derivative will be [ rr’r’ J+[ rrr" J. 


5. (i) r’x(e xr) +rx(r’ xr”); x 


(ii) x (PXT) + ON x (eI xe!) EX ("xr") EEX (r xr") 


6. (i) Qrr’'r+r?r’+(a.r’) bd; (ii) 2(ar+7b) . (ar'+r'b) ; 
aa ar dr A , ar ar 
(iii) 7 AG g” AE (iv) mr" Ret r" a? 
dr dr dr, = xal (r.a)(rxa), 
(v) 37? Girt qrt ap? (vi) SRC 


) (a. r)r’—(a.r')r_r(r’xa)—(rxa)r’ ; 


(vii (a. r)” r? 


nA AS I r r(a.r')b, 
(viii) r Aa Tr A Ta. ’ " 


(ix) and (x) are identical problems since r°=r°. The required deri- 
vative in each case will be 2rr'— 2'r? ; 


(xii) rxs” -r" xs. 


198 DIFFERENTIATION AND INTEGRATION OF VECTORS 


dr : j 
8. v=ġ7 (8 sin wé+b cos wt) ; 


y 2p 
a —w? (a cos wt-+b sin wt). 
(i) rxv=(a cos wt+b sin wt) x w (—a sin wi+b cos wi) 


=w a wt+sin* wi) ax b= wax b, a constant vector. 


(ii) Clearly, 2 F=—wr. Then the acceleration is opposite to the 


d = 
direction of r i.e., itis directed towards the origin. Its magnitude is propor- 
tional to | r | which is the distance from the origin. 
(iii) Verify that r.v=0; hence ete. 

Physical interpretation. The motion is that of a particle moving on the 
circumference of a circle with constant angular speed w. The force, directed 
towards the centre of the circle, is the centrepetal force. 

10. r’=(-a sin t, a cos t, a tana); r"=(—a cos t, —a sin t, 0). + 
r’xr’=(—a? sin ¢ tan a, ~a? cos ttan a, a”); 
| r’ xr" | =a? sec a. 

Second part, T" =(a sin t, —a cos é 0). Now obtain r’, rxs" in the 

form of the determinant 


—a sin t acost atana 
—a cost: —asin t 0 
asint —a cost 0 


Now eyaluate the determinant: 


5'4. Differentials: Indefinite Integration with respect to a 
scalar variable. 


Differentials. 


We introduce the concept of differentials exactly in the same 
way as we do,in scalar calculus (See for recapitulation, Maity 
and Ghosh, Differential Calculus, art. T6 and 9°11). 


Thus when F’(é) exists we call the vector F'(t)dt as the 
differential of F(t) and denote it by dF ; dt is aang as the incre- 
ment of the scalar (independent) variable t. We now write, 


dF =F (i) ät. 
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Now if F=F,it+F,j+F,k then dF=dF,i+dF.j+dP3k, 
and in particular, if ¢ be a constant vector then de=0. 


Also d(F.f) =F.df+ dF.f ; d(F x f)=F x df+dF xf. 


Indefinite Integration. 

If F(Z) be the derivative of the function f(¢) i. ¢., if df(t) =F(é)dt 
then we say that f(t) is an indefinite integral or simply integral 
of F(t) with respect to ¢ and write 


[roaro 2.9) 


The process of integration is thus to search for the vector 
function f(t) whose derivative with respect tot is the given 
vector function F(é). Thus this process is reverse of differen- 
tiation. 

Note that this definition is same as the corresponding defini- 
tion in Scalar Calculus (see Maity and Bagchi, Integral Calculus, 
Part I, art. 1°2). 


We call f(t) the integral and F(t) the integrand so that we 
may remember that the derivative of the integral is equal to the 
integrand. 


Theorem. Jf {(t) be an indefinite integral of F(t) then f(t)+e, 
where ¢ is a constant vector is also the integral of F(t). 
Proof. First method. The given condition gives 
d{t(Q} = F(t) de. 
But it is also true that d f(t) + c= {8} + de= F(t) dt 


` 


(Ce cisa constant vector de=0). 
Hence, according to definition, f(f)+¢ is also an integral of F(¢). 
La 


Second method. Suppose f(t) is another integral of F(t) 
besides f(z), then we have 


aif, (¢) — t@} = dif, (O} alt= F) dt- FQ) dt =0. 


' 
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This‘implies that f,(¢) — f(¢) is a constent vector e (say) 
Et) =i) +e. 


Note: The word indefinite integral has been suggested because of the 
arbitrariness of the constant vectore. This constant is known as the constant 
of integration. In a practical problem we will be given some such ċondition 
which will give a definite value for ec. 


5°41. Important formula. 


We append below a list of formule which the reader will 
do well to remember. We denote the two derivable vector 
functions r(t) and s(¢) by r and s respectively. 


I. ie ar) dt=r.st+c 


ds 


For, St s)=r. di 


+8. a z and hence d(r.s)= (r- a ps: S) dt. 
Il. far. T dt=rrtc=r® +e 


(Put r=s inI) 


dr d?r dr dr (E 
m. fa Mat ai ae A te 


( Replace r by H in II ) 


IV. f(e 3) ) a= rx ee 


dt? 


Ldr_drr J 
iig ie dt Gahar E : 


For, AAE rx and hence d (r x4) = (xi) dt 


d{r\_1l dr_drr 1dr_drr 
For, (£ j= LRR F and henoe d ( * \= (t ae dt. 
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a“ 


VI. Jax®amaxrte 


A dt, a being a given constant vector. 


For, d(axr)=(ax di 


Important Note: The constant of integration is a scalar or 
a vector according as the integrand is a scalar or a vector 
function. Verify the truth of this statement in each of the above 


cases, 


5'5. Definite Integral : Integration as limit of a sum. 


Let f(t) be a given vector function of the scalar variable ¢ 
in the interval (a, b). To make the matter simple, we suppose 
that f(t) is finite and continuous for all values of t ranging from 
atob. Let the interval b-a be divided into a finite number of 
sub-intervals (say ) which correspond to increments 

Ata, Atire Ain 
of the variable ¢. We take some value t, for t in the first sub- 
interval, ta some value for t in the second sub-interval and so on ; 
the corresponding values of the function are respectively 


Elta), Elto)...» én). 


Now we form the sum 
S= At lta) + Ata ilta) + eee + Atn ftn). 


Next let the number of sub-intervals increase indefinitely so that 
the greatest of the increments At tends to zero. Then it can 
be shown that the sum-vector S tends to a unique finite limit, 
independent of the mode of sub-division of the range b-a and 
also of the choice of the values tı, t2;..-¢n in thése sub-intervals. 
This limiting value of S can be shown to be equal to the differ- 
ence of theevalues of the indefinite integral F(¢) of the function 
f(t) for t=) and t=a ; that is, 

lim S=F(b)-Fla), where Ri) =| 0) at 


noo 
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This limiting value is called the definite integral of the function 
f(t) between the limits a and b and is denoted by 


f ; të) dt 


Thus, F f(t) dt=lim = F Atr flir) = F(b) — F(a) 
where Fl) = Si) dt. 


5°51. Examples on Integration as Summation. 
I, Vector sum as integration. 


A curve consists of an infinite number of vectors whose 
lengths are indefinitely small and directions are along the tangent 
to the curve (Fig. 5.2). If da re- 


ee Dh presents any one of these small 
ue . vectors then by adding them all 
y 4 (using vector law of Addition) we get 
x A en 
BA 1 the resultant vector AB. The sum 
i of these infinite number of small 
i ATEN Pil vectors : 
~> Za — B 
Fig. 5'2. =]im da= 4B-|" da. 


Vector sum as integration 
If the curve is a closed one, 


whether a plane curve or not, then A and B coincide and AB=0. 
ie., fda around a closed path is zero. 


II. Total displacement as an integration. 


Consider the displacement. of a moving point P. Suppose at 
time ¢ the velocity of P is given by vector v. As ¢ varies, the 
velocity v also changes t.e., v is a function of t. Suppose we are 
to find the total displacement of P as t varies from to to ti. We 
divide the range t;—to into a number of sub-intervals. We 
consider a typical sub-interyal whose length is At. Displace- 
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ment in this sub-interval is vAé where v is the velocity, 
supposed to be constant in that small sub-interval. The total 
displacement during the interval from to to t, is, then, 


t, 
lim SvAt -Í våt. 
At>0 to 


III. Total increment in velocity as an integration, 

In the last example suppose the moving point P has a 
variable acceleration a, which is, of course, a function of t In 
order to find the total increment in velocity during the 
interval to to t4 we, as before, divide the interval into a number 
of sub-intervals. During one of these, whose duration is At, 
the increment in velocity is a At where a is the constant 
acceleration for that sub-interval. Hence total increment in 


velocity is given by 


t, 
lim 3 aai={ a dt. 
At>0 to 


5'6. Linear vector differential equation. 

Linear differential equations containing one or more variable 
vectors and their derivatives with respect to scalars can be solved 
like scalar differential equations, the main difference being that 
the constant of integration are vectors (not scalars). The following 
illustrations will make the point clear. 


I. Motion under a constant acceleration. 


Consider the motion of a particle under a constant Satin 


a= (a is a constant vector). 


By direct integration, we obtain 


q =y=at+v, (Vo is an arbitrary constant vector) ** (i) 


We can Aeree the value Vo under some known initial condi- 


tion ; suppose we know the value of a when ¢t=0. 
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A second integration gives” i { 
r=tat?+vott+ro j ss (ii) 
where ro is another arbitrary constant vector and its value is 


that of r when ¢=0. The last two equations (i) and (ii) give the 
velocity and displacement at any time ¢, 


II. Harmonie Motion. 


As another example, suppose we are to integrate 
CET EGA mae... 
qatw rao (iii) 
which is the equation of a central acceleration, če. a motion 
which is always directed towards or away from the centre ; the 
law of force as a function of the distance is, in this case, such 
that the magnitude of acceleration is proportional to the distance 
from the centre. 


We can not write down the integral of the second member, 
since r is not a known function of t. But on forming the scalar 


product of each side with af, we obtain 


dr dr dt, 
at dg * gy wr =0 


: AA fr 2, ar _ 
Wen a dt +2w* r a 
On integration, 
2 (= 
dt 
where c is a scalarəconstant. (Since each of the integrand on the 
left side is a scalar.) We now require to integrate 


2 
+w°r? =o 


2 
(* =c-—wr* > e (iy): 


d 


This will present some difficulty. So we proceed in the 
following indirect way : 
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We know that the two solutions of the scalar equation 

d?r gog 
Frea r=0 
are 7=a cos wi and r=b sin wt and that the complete solution 
is the sum of these two. If we replace the arbitrary scalar 
constants @ and b by the arbitrary constant vectors’ a and b 
obtaining 

r=a cos witb sin wt so (y) 
it will be easily seen, by differentiation that this equation (v) is 
the complete solution of the vector differential equation (iii). 

By an extension of this process, we now state the rule for 
solution of linear differential equations to any order with 
constant coefficients : 

/ 

Find the solutions, assuming the vector variable to be a scalar 
variable, multiply each of these solutions by an arbitrary vector and 
then add. The result is the complete solution of the vector 
differential equation. 

II. Simultaneous Equations. 

Suppose that the vectors X, Y are functions of t which satisfy 


the equations : 


dX 
may ; 4 a kX 


where & is a scalar constant, 
Differentiating the first equation and replacing a from the 


second, we obtain 
n AA 
de +k*X=0. 

The solution of this equation is, as obtained alone, 
X=A sin kt +B cos kt 

where A arfd B are arbitrary constant vectors. Substituting this 


value in the first equation, we get 
Y=A cos kt-B sin kt. 
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Examples. V(B) 


1. If r (t)=(8¢? -1)i+ (2-62) j-4¢k, show that 


fro dt=(t° = 44°) i+ (2¢- 347) j- 247k +; 


ana |" r(t) a= i-t- 6k. 
2. Similar problem with r(t)=(¢- 42) i+ 2t°j - 3k. 
3. If r(t)=(t, -4?, ¢-1), s(t) = (22°, 0, 6t), show that 


2 oe 2 wl _ 40, 65), 
[ors de=12 and [xs di=( 24, 3° 5 


4. If rhi =ti -3j + 20k, re(t)=i-2j+ 9k, re(t) =3i+ ti-k 


2 
then fir »-TeX*rg dt=0; 


2 
is T4 X (r2 X ra) dt= —$ 87i-4 44j+4 15k. 
5. (i) Prove that 
2 
f ret dt= — 141+ 75j- 15k, 
where r(t)=5¢7i+¢j-7°k, 
(ii) With the same vector function r(t) evaluate 
ldr_dr z) 
f (2 dt dtr? at. 


(iii) Given that 
r=fi-j+2k  whent=2 
=4i-2j+3k whent=3 
Show that ‘ k 


AS E. 
fir é g= 10 
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6. (i) The acceleration at any instant t of a moving particle ig. 
given by 
dr 5 eet i 
ae 712 cos 2t i-8 sin’ 2¢ j+ 16tk 
find the velocity v and displacement r at any time ¢, and if at time 
t=0, it is known that v=0 and r=0, 


(ii) Find r at any instant ¢ if 
2 
oF = 6ti- 941% +4 sin tk; 
t 
(Given : r=2i +j and Ta -i-8k at ¢=0), 


7. Solve forr: 


2 
(i) tA =a, where a is a constant vector (given). 


Obtain also the particular solution if it be given that 


dr 
when ¢=0, r=0 and a 


ape ae = =at+b, where a and bare known constant vectors.. 


(Given that when ¢=0, ras well as “= gr are both equal to 0). 


dt 


8. Solve the vector equations for x 
(i) px +(x.b) a=e (p0). 
(ü) xxa=b (a.b=0). 


and, if necessary, use (ii) to solve the differential equation 


ax i Tep (a. b=0) 


(a, b, ¢ are given constant vectors). 


9. Show that the general solution of 


d’r dr 2 
die + 2a at = 9% 
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where a and b are scalar constants, is 


r=e* (c, eNa*=b¢ +e, e-Na?-0t); ifa?-b> 0 
=e (c, sin Ja?—bt+es cos Ja?—5 t) if a27-b <0 
=e“ (ce, +cat), if a? —b=0, 


` €4, Ca being arbitrary constant vectors, 
Hence solve the following three equations 
dr dr Che ena d*r 


age! gp? 12-93 age 8 get 9-95 get 48 =9- 


Hints and Answers — 


1. fe di=i J(3t?-1) dt+j J(@—-6t) dt—4k ft dt=F() +e 
= required result. i 


[È r a=ro ro. 
2 (H-4) i430} —Sak+e; -$44 3k. 


5. (i), (ii), (üi). See the important formule of art, 5'41. 
6. (i) Integrating, 
dr 


v=— 


dt 


=12i fcos 2¢ dt—8j fsin 2¢ dt+k f16t dt 
=6 sin 2t i+ 4 cos 2¢ j+ 8t k+c,. 
Initially v=0 when f=0. This gives ¢,= —4j. 


Thus, ve on 6 sin 2 i+4 cos 9 j+8?k—4j. 


Integrating again and using the initial condition r=0 when {=0 we 
easily obtain, 


r=(3—3 cos 2/) i+(2 sin 24- 4t) j +4822 k. 
(ii) Proceed in a similar manner with 
r=(t°—{+9) i+(1—2¢*) j+(¢—4 sin t) k. 


7, (i) General solution is r=} at?+bi-+e where a,b and ¢ aro constant 


vectors of which the first one is given and the other two arbitrary. 
Particular solution is r=ut+4 at?, 


(ii) r=$ af? +3 be. 
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8. (i) Form the dot product of both members with b and then eliminate 
x.b. This will give 


this is the required solution provided p+a.b 340. If however pta.b=0, 
the equation is satisfied by x=c/p—)a for any value of ), 


Alternatively, the form of the given equation suggests that x should 
be expressible as a linear combination of a and ¢ and hence may be 
assumed to be of the form 


x —ha, 
where À can be obtained by substituting this value of x in the given equation. 
r Deon F 
The value of \ can be easily found to be -petari ; hence ete. 


(ii) Form the cross product of each member by a. Then 
a’x—(a.x) a=axb 


which is of the same form as (i) above and the general solution can be 
found to be 


axb 
a? 


x=)a+ 
with A as parameter. 
6 (fe) ON mea 
Third part. Solve for x= 7p as in (ii) i.e., find x from 


axx=b (a. b=0) 


d? 
and obtain x=—~;=\a+—-- 


Now integrate twice and obtain the solution 


axb 
ʻa! 


r=)at $i? +ie+d 
© 
where À is an arbitrary scalar, and e and d are arbitrary constant vectors, 


9. Use the rule given in art. 5'6 under No. II. The solutions of last 
three equations'are : 


tr=c,e'+e,e%; r=(e,+¢e,)e; r=c, cos 2f+e, sin 2, 


14 


6 


Elements of Differential Geometry 


6'i. Introduction. 


In this chapter we propose to discuss a few elementary 
concepts of Differential Geometry of curves. Within the limits 
of a single chapter it is impossible to examine fully the topics 
that arise in this connection. We, therefore, lay no claim to the 
details of the kind that is generally found in a treatiso on 
Differential Geometry. Our main object is to obtain some 
interesting and useful results, as well as a clearer insight 
into the Calculus of vectors, by the following applications to 
Geometry. 


6°2. Curves in space. 


DEFINITION. A curve is an aggregate of points whose 
codrdinates are functions of a single variable. Thus the equations 
w=a(t),  y=y(t),  2=alt) eGD) 
represent a curve in space. The variable ¢ is called a para- 
meter, and each value of the parameter within a certain range 
(say, a < t < b) corresponds to a definite point P : (a, y, z) 
of the curve, 


Examples. 


D 
(i) Tho straight lino through the point (a,, a2, as) with direction 
ratios 7,, a, 7, has the parametric representation : 
w=r, tai, y=re tan, =r, tta, y 


Note that there is just one point P of the line corresponding to a given 
value of ¢, and just one value of ¢ corresponding to a given point P. We 
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express this fact by stating that there is a.one-to-one correspondence between 
the values of the parameter ¢ and the points of the line. 


(ii) The circle in (x, y)-plane whose centre is at the origin and whose 
radius is a has the parametric equations ; 
w=acost, y=asint, z=0, 

Note that these equations as such do not establish a one-to-one corres- 
pondence between the values of ¢ and the points of the circle which they 
represent. There is a single point P of the circle corresponding to a given 
value of ¢ But there are infinitely many values of ¢ which determine 
a given point P of the circle; if t, be one of them the others are ¢,-+2hmr 
(k=1, 2,..., —1, —2,...). However, if the parameter ¢ is restricted to lie 
within the interval 0 < ¢ < 2r or some such suitable interval, ¢ is uniquely 
determined when P is given. 

(iii) The parametric equations 
z=acost, y=asint, z=bć (b <0), 
Tepresent a curve on the surface of a circular cylinder (obtained by drawing 
the lines through the points of the circle (ii) parallel to the z-axis) and 
cutting the generators at a constant angle 
(See Fig. 6.1). This curve is known as a 
Circular helix. 

Mechanically this curve is described by 
a point P which is subjected to a constant 
rotation together with a translation in the 
direction of the axis of rotation (e.g., the 
curve traced by the pen of a Chronograph, 
an astronomical instrument for accurately 
observing the instant when a heayenly body 
crosses the meridian). 


This curve is an example of a space x 
curve which is twisted, that is, which does Fig. 6.1, Circular helix 
not lie in a plane, Z 


The parametric equations of the circular helix establishes a one-to-one 
correspondence between the points of the curve and the values oft. 


(iv) Another example of a twisted curve is the twisted cubic: 
=at, y=bt*, z=ct* (abe æ 0), 


The name cubic is suggested by the fact that itis cut by a plane, in 
general, in three points, real or imaginary. 
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Remarks on space curves. 


1. We refer to the curve given by (1) above. We shall 
always assume that ælt), y(t) and z(t) are real, single-valued 
functions of t which are defined in a certain interval of t, say in 
a<t<b, and are also. continuous in this interval so that the 
curyes that we consider are continuous in the defined interval. In 
order that a curve may not degenerate into a point we exclude the 
case in which all the three functions are constants, We further 
restrict the interval (a, b) so that there is just one value of t 
corresponding to each point of the curve. Then the equations (1) 
seb up a one-to-one correspondence between the points of a 
curve and the values of t in the interval (a, b). 


2. A parameter value ¢ corresponds to an ordinary point 
of the curve when the three derivatives da/dt=a'(t), dy/dt=y'(t), 
dz/dt=z'(t) exist, and are continuous at ¢ and at least one is not 
zero ; otherwise the point is a singular point. An arc of a curve 
‘which consists entirely of ordinary points is said to be smooth. 
All the curves under our discussions will be smooth. 


3. In the language of vectors, a curye can be represented by 
an equation of the form 


r={(t) 


(2) 


where r=OP is a vector drawn from a fixed origin O to the 
variable point P and the terminus of P can be located as soon 
as the value of t, an independent scalar variable, is given. As t 
varies continugusly, the terminal point P of r describes a curve 
in space (See Fig. 6.2). 


Choosing the three fixed directions i, j, k, mutually perpendi- 
cular, we may express equation (2) analytically as ý 
ait yj + zk = z(t)i + yj + 2z(i)k, 


which is equivalent to three scalar equations given by (1). 
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Frequently the parameter that we take for the curve (1) is 
the length of the arc measured from a fixed point A on the curve 
upto the variable point P; we denote this parameter by s to 
avoid the risk of confusion and write 

r=f(s) } 
or «=x(s), y=y(s), 2=2(s) @) 
as the equation of the curve in space ; the parameter ¢ will be 
used in other cases, 


6'3. Tangent to a curve at a point. 

DEFINITION. The tangent line PT at a point P of a curve 
is the limiting position of the secant PQ joining P to a neigh- 
bouring point Q, when Q approaches P along the curve; See 
Fig. 6.2. 

1. Tangent line at a point P(r) of the curve r={(t). 


We first show that the vector f(t) is parallel to the tangent 
line at P (whose position vector is r) on the curve r=f(é). 


Fig. 6.2, Tangent to a curve at a point 


We take the points P and Q corresponding to the parametric 
values t and ¿+ At. Then we have 


r= OP =1(i); r+ Ar=00=1t+ Ad) 


so that PQ= Ar=f(¢ + At) - f(t). 
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Dividing by At, the increment in t, we obtain 


PQ_ Ar _ f+ Ad) - 10, 
King Bie Nt 


' the limiting position of PQ is given by the vector 


ae 
PQ tim AP ajim Met Ad-10 
i, At pore At aro At 


That is, H or f'(i) is parallel to the tangent PT of the 


curve at P. f 
Next it is easy to think through that the equation 


dr dr 
R=r+4 or (R-n) x0 (1) 


represents the equation of the tangent line PT, where 4 is any 
arbitrary scalar and r is the position vector of P and R is the 


position vector of any point (current codrdinate) on the tangent 
line. 


Cartesian form: In the Cartesian form 
r=OP=aityi+ck; Hi) =aldi + vl) + Ok 
so that are =e' (Dit y'()i + 2'(Ok. 
The equation of the tangent line at P is then 


R=(X, Y, Z)=(x, y, 2) +4 [a'(), y(t); z). 


Ana E Gal EA 
w(t), y(i) 707? tee oe ()) 


where (X, Y, Z) is any point on the tangent line at P (z, y, 2). 


or 


Illustration. Find the equation of the tangent to the curvo 


s=t, y=, z=$§t, or, r=i+t?j+ gtk 
at the point ¢=1. 
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(i) Vector form: R= (it+j+%k)+) (it 2j+2k) 
For, at #=1, ris given by i+j+ 3k. 
Also 2’(t)=1, y()=2t, 2()=2t7, so that 
T i+ 21) +20°K=142)-+2k, when {=1. 
and the current vector R=gi+yj+zk. 
(ii) Cartesian form : a oe eee 
where (a, y, 2) is any point on the tangent line at P (1, 1, $). 


2, Tangent line at a point P(r) of the curve r={(s): Unit tangent 
vector t. 


We shall first prove the following important theorem : 


Theorem. Jf r=f(s) be the vector equation of a smooth curve 
in terms of s=are AP as parameter, then 


dr : = 
xs ds 3 (3) 
is a umit vector, tangent to the curve at P and pointing in the 
direcion of increasing arcs. 
Proof. We again refer to Fig. 6.2. 
—> — 
Let OP=r={(s); OQ=r+ Ar=f(s+ As) 
; — — — 
Hence Ar=PQ=0Q-OP=f(s+ As)-f(s) so that 
— — ` 
Are EZO RO E chord. PO 
As arc PQ chord PQ arc PQ 


Now it can be proved that the ratio of a chord of a smooth 
curve to the are it subtends approaches unity as the are 
approaches zero. 


Therefore’ when Q> P (iea when As > 0), 


chord PQ 
are PQ ot 
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= 
and PQ/chord PQ, which is always a unit vector tends to the 
unit tangent vector t; hence 


- Note that t is a unit vector in the direction of the tangent to 
the curve at P in the sense of increasing s. In future we may 
refer to it simply as wnit tangent. 


If the position vector of P with reference to the rectangular 
axes through O is given by 


r=vi+yj+zk 


„dz; dy, dz 
then alae ick ds js ae k. 
Hence the direction cosines of the tangent line at P are 
de, dy, dz a 
ds ds’ ds (4) 
Next we write down the equation of the tangent line at P in 
‘ ap eq at Seen = Ores 
Vector form: ,R=r+A Beet (R-r) x Fhe 0 (5) 
, X-s_Y-y_Z-z p 
Cartesian form : dolds~ a de/ds (6) 


3. To obtain t when the curve is given in terms of a parameter other 
than s. 


The following illustration will make the point clear : 


` Illustration. Given the space curve: «=t, y =t7, 2=41°, 
The position vector r of any point is then given by 
r=tit+¢?j+4e°k. 


Then er =i+90j + 207k, F 


But dr_dr ds_,ds 


dt” ds dt dt 
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so that a). [ar VÍL + (at)? + (ae?) 2} =1 + 2. 


dv_drdt_dr/ds__ 1 x d 
ds dids di/ dt 1+9¢2 4+ 24 + 20°). 


t= 


6'31. Polar Coérdinates. 

In this article we propose to introduce a new parameter 0. in 
representing the equation of a curve. Consider the relation 

r=R(6) tee (1) 

where R(@) is a variable unit vector in a plane making an angle 
of 0 radians with some fixed line OX. If R(6) be drawn from | 
the origin, its terminal point P will describe a circle of unit 
radius ( See Fig. 6.3). Note that the are AP=s=6 and A, the 
fixed point from which arc s is measured, is taken on OX. In 
this case the unit tangent vector 


pase r RRG Peay) oie (2) 


Fig. 6.8, Parameter 0 in r= R(6) Fig. 6.4. Polar equation of a plane curve 


© 


This P is a unit vector perpendicular to R in the direction of 
increasing ares (here increasing angles). Using the result we 
have also ° 


& =R(0+2)= -R=09 TEO) 
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If the directions along OX and OY be given by the unit 
vectors i and j, we may write 
R=cos 0i+sin 6 j 


aR sing it coso j as (4) 


If r=f(0) be the equation of a plane curve in polar codrdinates, 
its vector equation, is (See Fig. 6.4) 
r=rR(0) aa (5) 
Hence, on differentiation with respect to s, we haye 


t AORERE drg dR do 


ds ds ds ds" "de ds 
and so t="R+ P [ using (2) J 
ds ds 
Multiplying scalarly first with R and then with P, we find 
=, ptz, ®, 
Rt= 7 > Pt r Ts 
e S do a 
so that cos¢= go sin gore (6) 


where ¢ is the angle between the directions of the radius vector 
R and the tangent vector t at the point of the curve, Equations 
(6) are two familiar equations in the discussions on polar equa- 


tions of plane curves, 
6'4. Normal plane at a point. 


DEFINITION. The plane through a point P, perpendicular 
to the tangent at P, is called the normal plane at that point, 


If R denotes the position vector of any point on the normal 
plane at the point P whose position vector is r then the vector 
R-r and the tangent vector dr/dt are at right angles. „ 


Hanae, R -)Ẹ Eo ESA) 


This gives the equation of the normal plane at the point P(r). 


SF 
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In the cartesian notation the equation becomes 
— 2) a (yy) Ma (7_-)%= 
(X-a) +-+- Z=0 (2) 
Note that any line through P in this plane is a normal to the 
curve at P. As an illustration we consider : 


Illustrative Example. Find the equation of the normal plane to the 
curve 


=t, y=t*, 2= Ret? 
at the point (1, 1, #). 
Here, (R =). =0 reduces to 


{(vi+yj+ 2k) — (i+ j+3k)} . 4i+ 2j+9k}=0 
ie. (w—-1)+2(y—1)+2(2—3)=0. 


65. Frenet’s Formule: Principal Normal and Binormal. 
In the following discussions we shall consider the equation 
of the curve in the form 
r={(s) ee (00) 
where, as already explained, s denotes the length of the are 


measured from some fixed point of the curve. We consider any 
point P of the curve which corresponds to the parameter s. 


1. Unit tangent vector t. 
In art. 6'3 we have shown that 


=- an 
t= as (2) 
is the unit vector, in the direction of the tangent at a point P, 
where the parameter is s and it points in the direction of 
increasing s, 
Further, we haye established that the equation of the tangent 


line at P is given by 
(R-r)xt=0 PE, (3) 
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2. Unit principal normal n. 

Since the length of t is constant, its derivative dt/ds, if not 
zero, must be perpendicular to t (See art 5°31) and therefore 
normal to the curve at P. A directed line through P in the 
direction of dt/ds is called the principal normal of the curvo at 
P (Fig. 6.5). Ifn is a unit vector in the direction of the principal 
normal then we may write 

ate an (2) 
where x is a non-negative ( > 0 ) scalar ; Nis called the wnit 
principal normal and x is called the curvature of the curve at the 
point P, i 

We may now easily write down the equation of the principal 
normal at P in the form 

(R-r) xn=0, ss (5) 
8. Unit binormal b. 
We introduce another unit vector b defined by 
b=txn + (6) 
j so that the three vectors 
t, n, b form a right-handed 
system of orthogonal unit 
vectors. A directed line 
through P in the direction 
of b is called binormal to 
the curve at P (Fig. 6.5). 
We may speak of b as the 
a unit binormal. 


-The vector equation of 
Fig. 6.5. The moxing trihedral t, n, b i 
eae EES the binormal at P is then 


(R-r)xb=0 * (7) 
4. Moving Trihedral t, n, b. 3 

At any specified point of a curve we have so far defined, 
tangent, principal normal and binormal, their respective directions 
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are given by t, n and b. These directions are mutually perpendi- 
cular. We may consider that t,n,b form a localised right- 
handed rectangular coérdinate system at any particular point P 
of the curve. As P traverses this coérdinate system moves and 
we speak of the moving trihedral t n b (Fig. 6.5), 


5. Curvature: Radius of curvature and Circle of 
curvature. 


We now show from simple geometric considerations the 
following theorem. 


Theorem. The curvature k as defined by (4) is the are-rate 
of turning of the tangent at P. 


Proof. Let the unit tangents at P and at a neighbouring point 
Q of the curve (1) be tand t+ At respectively, the parameters 
corresponding to them being s 
and s+ As. We represent t and 


a>: — 
t+ At by OT and OT’ so that 


TT’ =At (Fig. 6.6). Suppose 
A9 be the angle TOT’; A90 
thus measures the inclination 
of the tangents at P and @ and 
is equal to the arc TT’ of a unit 


are of 
aunit circle 


circle with centre at O. Then Fig. 6.6 To illustrate «= d6/ds 
dt At At A0 do 
A fe esi ees ee ALAL av 
ji ds Ma | As aso | A0 As ds 
=> — nis 
TT’ _ TT" 


ni At Iia x : [eee 
since Ag A0 arc TT" of the unit circle with centre at O 
. 
and so tends to unity as Q > P. 


But d0/ds is nothing but the rate at which the tangent turns 
with respect to the are. Hence the proposition, 
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Observations. We have already stated that « is a non- 
negative scalar. If «=0 at all points of a curve, then by (4) 
dt/ds=0 and hence tis a unit vector of constant direction at 
every point of the curve z.c., the curve is a straight line. 


Conversly, for a straight line, t is a constant unit vector so 
that dt/ds=0 and hence x=0. We thus see that the only curves 
of zero curvature are straight lines. 


If « Æ 0 we call the reciprocal of « the Radius of curvature at 
the point and denote this reciprocal by p ; thus 


p= L. ose (8) 


= 
The point C on the principal normal PN where PC=pn is called 
the Centre of curvature at P. 


The plane containing the tangent and principal normal (i.e. 
determined by two unit vectors t and n) is called the Osculating 
plane or Plane of curvature at the point P. In this plane if we 
‘draw a circle with centre C and radius p then the circle is called 
the Circle of curvature at P. 


6. Torsion : Radius of torsion. 


We have defined b by the relation (6), Since b is a unit 
vector, db/ds, if not zero, must be per pendicular to b. 
Differentiating 


b=txn, 
db _ dt dn_,, an 
we have z am art x7 =txe 


since dt/ds=«nand knxn=0. 


Thus db/ds is perpendicular to t. But as stated before it is 
also perpendicular to b, and must, therefore, be parallel to n. 
We may then write, 


Ags. -m x, on (9) 
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where t is a scalar, called the torsion of the curve at P. The 
minus sign in (9) has this purpose : 


When t >Q, æ has the direction of -n ; then, as P moves 


along the curve in a positive direction, b revolves about t in the 
same sense as a right-handed screw advancing in the direction of 
t (Fig. 6.5). 
Further, we introduce the quantity o defined by 
o= i (x70) = (10) 
This quantity o is called the Radius of torsion. 
If r=0 (identically), db/ds=0 and b is a constant vector ; 
hence from 3 
24 GE 2s 
b.t=b. a 0 
we may write b.(R-r)=0 


where R is the position vector of any point on the tangent line 
at the point P(r) of the curve ; this proves that the curve lies in - 
a plane normal to b. 


Conversely, for a plane curve t and n always lie on a fixed 
plane while b is a unit normal to that plane; hence db/ds=0 at 
all points where n is defined («x #0) and t=0. Thus the only 
curves of zero torsion are planes. 

7. Frenet’s Formule. 

A set of relations involving the derivatives of the fundamental 
vectors t, n, bis known as Frenet’s formulae (or Serret-Frenet 
formulae). We have already obtained the first two and now we 
shall obtain the third one of the following relations : 
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The three formulae (11) is known collectively as Frenet’s formulae. 
The last result~easily follows if we differentiate n=bx t with 
respect to s ; thus 


dn _ db dt 
Mo Pxttbxit- mxttbx«n 


=th +«(-t)= -xt +rb. 
8. Three Fundamental Planes associated with every 
ordinary point of a curve. 
With every ordinary point of a smooth curve we associate 
` three mutually perpendicular lines, viz, 
(i) Tangent line; (ii) Principal normal and (iii) Binormal. 


They constitute the principal trihedron at a specified point of the 
curve. These three lines, taken in pairs, determine three 
mutually perpendicular planes (Fig. 6.7), namely 


(iv) Osculating plane ; (v) Normal plane and (vi) Rectifying plane. 


(ih plane 


- normal plane 


Fig. 6.7 Three Fundamental planes 


The Oscwlating plane to a curve at a point P is the plane con- 
taining the tangent and principal normal at P. 
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The Normal plane is the plane through P perpendicular to the 
tangent ; hence this plane contains the principal normal and 
binormal at the point P. The Rectifying plane is the plane 
through P which is perpendicular to the principal normal and 
hence it contains the tangent and binormal at P. (See Fig. 6.7), 


The reader may now easily obtain the equations of these 
planes in the following forms where R is the position vector of 
any point on the plane and r is the position vector of a specified 
point of the curve : 


Osculating plane : (R-r).b=0. se (19) 
Normal plane : (R-r).t=0. ss (18) 
Reetifying plane: (R—y)n=0, se (14) 


6'51. Use of parameters other than the are-length. 


Ifa curve be represented in terms of a parameter t; other 
than the arc-length s, we shall use small dots over the symbols 
to represent derivations with respect tot. With the help of 
Frenet’s formule we may compute the curvature x and torsion t 
of a curve whose parametric equation is 


Vector form: r=f(t) } (1) 
Cartesian form: 2=2(t), y=y(t), z=2(t) 
On differentiating (1) three times, we get successively 

RL Ei | 2 

rv dt ds dé = (2) 
It follows, that |è ] =| ¢ | w+ (8) 

$ e aE AE ia ia 
Again, ref ttyar gtts 
=n $? +ts * (4) 


15 Pr 
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i Nese AG a dO tees 
and lastly, *=kns?+« a Stan Qsst+—stts 
dt dt 
dn ds . ee ACAS n gk 
EG In QS -a PREA EA EA 
kn tK as PrE +n 2y ds dt® ts 


=n? +r- rtt ch)s* + ens ¥ + ens stts 
=Stts Sent (28 sk +82 ent 8°x(—Kt+ ch) 


=($- $87 )t + (B88 Se +S2et 82 krb + (5) 


Hence, we obtain, È xY =s*xb . (6) 
and Px¥.F=(P FF) =t? + (7) 


It then follows from (6) that 


rea. PEE El asitte (3 - (9) 


Thus when the equation of the curve is given in the form (1) 
then (8) and (9) would give the curvature and torsion at any 


point ¢ of the curve, 


If the positive direction on the curve is the direction in 
which ¢ increases then §=ds/dt is positive and then (2) and (6) 


would lead us to conclude : 


t, b, n have the directions of è, t xY, (T xY) xÈ ++ (10) 


The planes through a point r(¿) of the curve and perpendi- 
cular to t,b snd n are, as wo know, called respectively, the 
normal, osculating, and rectifying planes to the curve. 


(10) we can easily obtain their equations, 


Osculating Plane: (R-r). rx =0. 
Normal Plane : (R-r).r=0. 
Rectifying Plane: (R—r). (tx ¥) x r=0. 


Using 
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We remember that R denotes the position vector of any point 
on the plane and r is the position vector of the point on the space 
curve with which the plane is associated. 


6'6. Applications. 


[ Dashes denote derivations with respect to the parameter s ; dots denote 
differentiations with respect to a parameter other than s J]. 


1. Prove the relations 
c=|r" 1S r xXr"=xb, 
r= x(tb-«t)+«/n, [r r" r” J=x2e, 
Solution. Since r'=t, we have r’=t! = xn (Frenet’s first formula) 
and hence |r” | =x (First result). 


Again r’ x r"=t x «n=xb whence follows the Second result. 


Thirdly r”’=x’nt+«n’=x/nt+x(—xt+cb) (Frenet’s formula), 
which gives the Third result. 


Lastly, consider r” xr” =«n x {x’n +x (— xt +7b)} 
=-gk’nxt+rk’rnxb=rk?rt+k"b. 


whence rer" Xr" =t., (k°rt+xr°b)=x°r (Fourth result). 


2. Show that for any curve r = f(s), 


tan "l= £(2), yun m 5 a £); 
Bs a pe ae 98 Bh a aa ae 


Loft as an exercise for the students. 


3. Darboux vector. 
[ We define the vector d by the relation, 


d=rt+kb. FF 


It represents the aro-rate of rotation of the moving trihedral t, n, b as the 
point P moves along the curve. The part kb is the rate of turning about 
the binormal andis due to curvature. The part rt is the rate of turning 
about the tangent and is due to torsion. We call d as the Darboux Vector 
of the curve ]. 
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Prove that Frenet’s formule take the form : 
t=dxt, n- dsn b=dxb 
where d is the Darboux vector of the curve, dashes denoting deri- 
vations with respect to s. Also show that 
d=nxn =n x (d Xn). 
Solution. Since d=tt+xb, we haye 
adxt=ctxt+xb xt=cbxt=cn=“tar, 
Similarly other relations for n’ and b’ can be obtained. 
Again, since nx (dX n)=(n.n)d-(n.d)n 
and n.d=n.(tt+xb)=r7n.t+x«n.b=0 
the last result follows easily. 


4, For a plane curve 
v=x (t), y=y (ð 
obtain the expressions for « and t. 
Solution. We have 
r=aityj, t=eit+ gj, ¥= Zit ij. 


Now from (8) and (9) of art. 6°51 we may easily obtain 


In particular, if the curve has the Cartesian equation y= Fla), 
we can regard w as the parameter: »=t, y=f(é). Then from 
above, x is given by r 

Syl 
K po +97) 
where dots represent derivations with respect to w. 

5. If the curve has the polar equation r=/(0), we regard the 

parameter ¢=0 (See art. 6°31). Then 2 
r=r R(6)=rR (say); =} R+r P, ¥=('—-7) R497 P, 


( For explanations of the symbols R and P see art 6'31 J 
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and since, |È] =(¢7+#9)"/?, [ex#| = | OF? — r-r) | 
we have from (8) of art. 6°51, 


ee oF =F | 
(FAG) 
6. Twisted Cubic. For the twisted cubic 
w=2t, y=t*, z=$t? 
find t,n,b,«,7 and the equations of the osculating plane, 
normal plane and rectifying plane at the point ¿=1. Find also 
the length of the curve measured from t=0. 
Solution. We have 
r(t) = (2¢, t°, 48). 
Hence, è=(2, 2t, 47), ¥=(0, 2, 2); F=(0, 0, 2). 
At the point ¿= 1, we then have 
r=(2, 1,3); F=(, 2,1); ¥=(0, 2,2); F=(0, 0, 9) 
PX¥=(2, —4, 4), Fx¥.7=8, 
Hence from (10) of art. 6°51, we obtain 
t=} (2, 2, 1), b=4(1, —2, 2), n=bxt=4(-2, 1, 9) 
Then from (8) and (9) of art. 6°51, we deduce 
K=2/9, t=2/9. 
The equation of the osculating plane in vector form is 
(R-r).rx¥=0 
which reduces to the cartesian form as: 
2 (@-2)+(y-1)(-4)+(e-4) 4=0 


“or, wr 2y + 9z=29/8, 


Similarly the equation of the normal plane is 
2 (e@-2) +2 (y-1)+(¢-2)=0; 
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and the equation of the rectifying plane is 3 
— 12 (~@- 2)+6(y-1) +12 (2-4) =0 
[since (Fx ¥) xr=(—12, 6, 12) ]. 
Lastly since F=st or $= |¥F|, the length of the curve 


measured from ¢=0 upto any point ¢ is 


t t 
nej ; |È | d= k 44402 +t* dt. 


Examples. VI 
[ Dashes denote derivations with respect to the arc-length parameter s ; 
dots denote derivations with respect to other parameters like ¢, 0 etc. ] 
1. (a) Given a curve in the parametric form as 
Kew toa) Aa rane Sb 
so that in the form of a vector function we may write its 
equation as f 
r=(, t", 3°). 
Now obtain at any point ¢ the following : 
f, é, t, t, t', k, p, n, b, b, b’, t, o. 


At the point ¿=1, obtain the equations of tangent, principal 
normal, binormal, osculating plane, normal plane and rectifying 
plane. 


(b) A space curve is given in terms of are-length parameter 
s by the equations, 
w=tan@*s, y= (1/ /2) log (s? + 1), z=s—tan7*s 
Find PND; KC) Py Oe 


’ 
2. Find the osculating plane, curvature and torsion at any 
point of the curve : 


=a cos 2t, y=a sin 2t, z=2a sin t. 
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3. The circular helix is a curve drawn on the surface, of a 
circular cylinder and cutting the generators at a constant angle 
(art. 6'2, Ex. iii), If the origin be taken on the axis of the 
cylinder, the equation of the helix on the circular cylinder of 
radius a is given by f 

x=a cos 0, y=asin 0, z=b0, (b= constant), 
or, r=(a cos 0, a sin 0, b0). 

Verify that for this circular helix, 

x=al(a? +b°), t=b/(a? +b") 
and that the length of the curve measured from ¢=0 to some 
point t is t Va? +62. 

In particular, take b=a cot 6 (8 = constant) and then obtain 
the expressions for t, n, b and see that 

ax =sin?°ß, at =sin f cos $. 
4. Obtain « and t for the following curves : 
G) r=(log cos 6, log sin 0, 8/2); 
(ii) r=a(cos 0, sin 0, log sec 0) ; 
Gii) r=(@, e, 28); 
(iv) r=a(8t-t?, 347, 3¢+¢°). 
5. At the points t=0 and t=1 of the twisted cubic 
r= (36 8i 25) 
find t, n, b,x, 7. Find also the equations of the normal and 


osculating planes. 


6. Find the equation of the osculating plane at any point ¢ 


of the curve 
w=2 log t, y=4t, z= 20° +1. 


e 
7. If the tangent to a curve makes a constant angle a with 
a fixed line, then x = +7 tan a and conversely, show that if K/T is 
constant, the tangent makes a constant angle with a fixed direction. 
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8. Helics: A helix is a twisted curve whose tangent makes 
a constant angle with a fixed line called its agis. If the unit 
vector ehas the direction of the axis, the defining equation 
of the helix is e. t=cos a(0< a< $z) Prove the following 
statements for a helix : 


(i) the principal normal is always perpendicular to the axis; 


(ii) the Darboux vector d=zt+xb has a constant direction 
(always parallel to the axis) ; 


(iii) ratio of curvature to torsion is constant : «/ct= + tan a. 


9. Prove that the Darboux vector d=ct+xb is constant 
if xk and t are constants and that d has a fixed direction if k/t is 
constant. 


10. Prove that a necessary and sufficient condition that a 
curve, r=f(s) be a helix is that r”. r” xr” =0. 


11. If xis the curvature of a curye, then that of its projection 
on a plane inclined at an angle ŝto the plane of curvature 
is « cos $ if the plane is parallel to the tangent and « sec’ if it 
is parallel to the principal normal. 


12. Prove that circular helics are the only twisted curves for 
which « and t are both constants, 


13. Show that the locus of the feet of the perpendiculars from 
the origin to the tangents to the curve 


r=(a cos 0, asin 0, a0) 


is a curve which lies completely on the hyperboloid 
ay 
x+y? — 2% =at, 
14, If the tangent and binormal at a point of a curve make 
angles 0 and ¢ respectively with a fixed direction, show that 
sin 0 do 


sin d dọ 


E 
T 
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15. Two curves are called parallel if a plane normal to one 
at any point P is also normal to the other at the corresponding 
point P,. Prove that the distance PP, is constant. 


Prove that «/r=«,/r, at corresponding points of the curves. 


16. On a plane sheet of paper a circle of radius 1, is drawn 
and then it is folded in the form of a cylinder of radius ra. 
Show that for the new curve, 


1 1 s 
K? =—3 + cos* — 
Ti T2 ri 


where s is the length of the are measured from a certain point. 
17. The osculating plane at every point of a curve touches 
a fixed sphere; show that the plane through the tangent per- 
pendicular to the principal normal passes through the centre 
of the sphere. 
18. Find the torsion of the curve 
w= (2¢+1)/(¢-1), y=t?t-1), 2=t+2. 
Explain your answer. 
19. The curve r=f(s) has the parametric equations 
a=a2(s), y=y(s), z=2(). < 
For this curve deduce that 
(i) p={(o")? +")? + ey? 
(ii) t/p?=r. er’ xr”, 
20. Plane curves : 
(a) Circle. A circle of radius a abouf the origin has the 
position vector. 
*, y=aR(0) where 0 =s/a radians (Fig. 6.3) 
Differentiating with respect to s, obtain 
t=P, kn= -R/a 
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and then see that 
= —-R, k=1/a, p=a. 
Show that the only plane curves of constant non-zero curya- 
ture are circles, 
(b) Ellipse. Find x and p of the ellipse, 
t=a cos t, y=b sin t 
Prove that the normal to the ellipse at any point P bisects 


the angle between the focal radii. 


(c) Intrinsic equation. Let Y be the angle from a fixed line 
in the plane to the tangent at a point P of a plane curye, 
taken in the positive sense and let s be the arc-length of the curve 
measured from a fixed point. Deduce 


k=dy/ds, p=ds/dy. 


[ Intrinsic equation of a plane curve is defined as the relation 
between s and y. ] 


Find p for a circle whose intrinsic equation is r=ap, where y 
is measured from the tangent at the point s=0 


21. Evolute and Involute. $ 
At any point P of a plane curve where k 0, the centre of 
curvature P, is given by 
í rı=r+pn sea (1) 
The locus of P, is called the evolute of the curve. If s=4P 


and s,=4,P, denote the corresponding are-lengths on the 
curve P and its evolute T4, we find, taking s-derivative of (1) 


ds P ds ds ds i. 


since the second formula of Frenot becomes n’= -it=-—t/p 
as t=0 for a plane curve. 
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Choose the positive direction on IT, so that t,=n; then 


whence s,=p+constant. 


and since As, = Ôp, an are 
of the evolute is equal to the 
difference in the values of p 
at its end points. 


These properties show 
that a curve I’ may be traced 
by the end P of a taut 
string unwound from its 
-volute T, ; the string is 
always’ tangent to T, and O 
its free portion is equal to p. Fig. 6,8. Evolute and Inyolute 
From this point of view, I is of a plane curve 
called the involute of T1. 


ya Aa 
Since t, =n;, Y1 =(i, t,) =(i, t) +42 = + 42 ; 
radius of curvature of the evolute is 


asx, -P d's, 
pars iha Tay dy 


Hints and Answers 


1. (a) b= (1, 24, 26°); 8= | È| = (1+4 44H) =1420". 


EEA 1 1 
taretep (1,26, 2°); t= TF (—4t, 2—4t?, 4). 


1 EEIE T EE EA 
pga Oam a5 = TP rapa 


« 
ay ' 
pai (+2); n= = tS aap C 24, 1-267, 24); 


(4t, 447-2, — 41); 


1 1 
pa (247, —2t, 1); = (pore 
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eet Dia ee 
Wb lim Tramp (te 47-2, -4t); r= |b’ | = asa 


c=} (14202), 
At the point ¢=1, r=(1, 1, 2/3) ; t=4 (1, 2, 2); n=} (-2, 1, 2); 
b=4(2, —2, 1). 
Equation of tangent : (R-r)xt=0; 


(w—1)=(y—1)/2=(2—9/3)/2 


Equation of principal normal : (R-r)xn=0; 


(@—1)/(—2)=(y—1)/(—1) = (e—2/3)/9, 


Equation of binormal : (R-r)xb=0; 

(—1)/2= (y—1)/(—2) = (z— 2/3)/1 
Equation of Osculating plane : (R-r). b=0; 

(e=1) —2(y—1) + (2-2/3) =0. 
Equation of normal plane : (R-r).t=0; 

(w@— 1) +2(y-1) + 2(z-9/3)=0, 
Equation of Rectifying plane: (R-r).n=0 f 


=2(x—1)- (y —1)+2(2- 2/3) = 


(b) t-z N2 s, s?) ; nat (- N23,1-5, /25); 


7H (9, = V2 s, 1); K= VaN +1) =r 
7=p=(s?+1)/ V2, 
2, Osculating plane : 


(sin ¢+sin 2¢ cos t) ~—(cos t+cos £ cos 24) y+Qe 
=3a sin t. 


= 
Curvature : iz (548 cos?t)/(1+c0s?4)*, 


Torsion ; 3/a (5 sec t+8 cos t). j : 


, 


3. (Particular case when b=a cot B). t 


=sin 8 (—sin @, cos 0, cot 8); 
n=(- 


cos 0, —sin 6, 0); b=sin B (sin 0 cot 8, —cos 0 cot B, 1). 
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4. (i) x= /2 sin 6 cos 6= —7; (ii) ax=cos 0 s/(1+cos?6), 
ar=sin 0 cos 6 (2+c0s"6)/(1+cos*6). (iii) k= /2 (e' +e)? = —7, 


(iv) x=1/3a (1+42)*=7. 
5. t=(1, 0,0); m=(0,1, 0); b=(0, 0,1) at the point ¢=0. 
t=4(1, 2,2); n=$(-2, —1, 2); b=4 (2, —2, 1) af the point ¢=1. 


k=7=2/8; x=7r=2/27 in the two respective cases. 
At t=0, the two planes se wv=0, 2=0. 
At t=1, the planes are g+2y+2z2=13, 27—-Qy+2=2, 
6. 2 (w—2 log ¢)—(2/t)(y—4t) + (1/t?)(2 — 24? —1) =0. 


7. Let e be the unit vector parallel to the fixed line so that by the given 
condition t.e=cosa. Differentiating we get t’.e=0. By Frenet’s 
formula this reduces to «n .e=0 i.e, n.e=0. Thus n is perpendicular 
to e and the vectors b, t,e are coplanar, so that b. e= +sin a. Differen- 
tiating n. e=0 and using Frenet’s formula we obtain n’.e=0, or 
—(xt+rb).e=0, or xcosat7sina=0 or «=+7 tana, 


Conversely, let k=a7 where a is some scalar constant. Now t!=(e/7) b! 
=ab'. Integrating we get t=ab+e where c is the constant vector of 
integration, Take scalar product with t and obtain t.c=1. Hence the 
tangent makes a constant angle with the direction of the fixed vector e. 


14, t.c=cos 6, b.c=cos ¢, ¢ is the unit vector in the fixed direction. 
Differentiate the two relations. 


15. Suppose the arc lengths s and s, on two curves increase in the same 
direction, Then t,=t at corresponding points and s,' is positive, Differen- 
tiating t,=t wa. to s we have kyn, s,'=Kn. Consequently n,=n and 
s,'=K/k,, Also b, =t, Xn, =tXxXn=b and differentiation then gives 
7,0, 5,'=7n, Thus 7/7, =5,'=x/K,. 

The distance PP, between corresponding points is constant. For the 


derivations w.r. tos of (r,—r)° is 2(r,—r). (tı sı'€7=0, since r,—r is 
parallel to the normal plane and therefore perpendicular to t and t,. 


Otherwise, ¢ Sce that r,=r-+an+ fb where r, n, b refer to tho first curve 
and a and B are ‘scalars ; now show that d(a?+*)/ds=0. 

17. Let a be the centre and h, the radius of the fixed sphere. The 

Osculating plane (R—r) . b=0 will touch the sphere if (a—r). b=h. Deriva- 
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tions w.r. to s will give (a—r).b'—r'. b=0 (a, h being constants) whence 
(a—r).m-—t.b=0, ie, (2 -—r).n=0 which shows that the plane 
. (R-r).n=0 through the tangent and perpendicular to n also passes through 
a, the centre of the fixed sphere. 


18. 7=0; this means that the curve lies on a plane (in fact, see that tho 
plane is ~—3y+32= 5). 
20, (a) Second part. dn/ds=—«dr/ds or d(pn+r)/ds=0 or pn+r=ec 
ùe, | r—c| =p", equation of a circle of radius p whose centre is ¢. 
(b) k=ab|(a? sin?t+b? cos?t)*/2=1/p. 
If r, andr, are the focal distances of P, then r,+7,=2a, the major 


axis, Derivations w.r, to s give 7,'+7r,'=0 i.e., (R1 +R,). t=0, 
[ See art. 6°31, equation (6) ]. 


where R, and R, are unit vectors along the focal radii. 


Thus R, +R, is normal to the ellipse at P and bisects the interior angle 
between the focal radii at P. 


(c) dt/ds=(dt/dy) . (dp/ds)=(b x t)(dy/ds) =n(dyp/ds). 
But Frenet’s formula gives dt/ds=«n; hence x=dy/ds and so p=ds/dy. 


ay 


a a ee ee 


7 


Applications of Vector 
Calculus in Mechanics 


vi. Introduction. 


This chapter will be devoted to a concise treatment of the 
elementary principles of Mechanics through the use of Calculus 
of Vectors. The adoption of Vector Analysis in the study of 
Mechanics is urged on the grounds of naturalness, simplicity 
and directness. 


Mechanics is generally studied under two broad headings— 
Kinematics and Kinetics. The first is concerned with the 
geometry of the motion without any reference to the forces. 
which cause the motion and the second deals with the action 
of forces on the motion of the bodies. 


We should carefully note in the following discussions that. 
a body in motion is associated with a suitable frame of reference 
which, if not explicitly stated, is to be considered implied. 


72. Kinematics of a particle. 

Velocity. 

DEFINITION. The velocity of a particle relative to a suitable 
frame of reference is the time-rate of change of the position 
vector r, of the particle relative to the given frame of reference. 


Thus with reference to a frame if a particle P has at any 
—> 


instant the position vector r=OP and if during an interval At, 
the increment in r be Ar then Ar/A¢ is the average velocity of 
P relative to O during the interval At. Hence 

Ar gr a 


a EY aD 
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is the velocity of P at that instant ¢ (instantaneous velocity 
of P). 

Clearly, the motion of P is given by ras a vector function of 
the scalar variable ¢ (time), say, uv 

r=)  - se (2) 

The locus of P, called its trajectory is the curve whose vector 
equation is given by (2), t being regarded as a parameter, Again, 
if P describes the curve (2) then 


-w æ ds ds ap 
Ua eae ake” (3) 


where t is the unit tangent vector to the curve and 
v=]|v] -# is called the speed of the particle (s is, as usual, 


the are-length measured from a fixed point on the curve). Hence 

~The velocity at P is a vector v whose direction is same as that 
of the tangent to the path at P and sense is the same or opposite to 
that of the unit tangent vector t, according as ds/dt is positive or 
negative ie. according as s increases with the time t. By the 
length or magnitude of the velocity vector v we mean the speed 
v=ds/dt of the particle at P. 


Acceleration. 


DEFINITION, It is the time-rate of change of velocity. Thus 
acceleration vector a of a particle P at some instant ¢ is given by 


Sige eve ay AHA a) 
aso At dt dt\dt}) at 
Differentiating (3) with respect to t we obtain 
dv ct, dw ee 
dt at ttar 6) 


Now the unit tangent vector t may be regarded as a function 
of tho arc length s of the trajectory and then 


dt_at ds (x nw= Va [Frenet’s First Formula ] 
p 4 


dt ds dt 
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where n is the unit principal normal and x is the curvature and 
e is the radius of curvature. Hence (5) reduces to 


eo. a=(«n)v? +t? =- 17 (eo?) ntt 
p02 gdb 
3 n+ t (6) 


Hence 
The acceleration vector a of a moving point P is a vector lying 
in the plane of the tangent and principal normal to the path of P ; 
that is, the acceleration vector a of the point P lies on the 
osculating plane. The tangential and normal components of 
a are ; 
dy (=) / 
dt and Kv 7 
The first of these two components gives the rate of increase 
of speed and is independent of the shape of the curve and the 
latter depends on the curvature as well as speed. We further 
recall here that curvature at a point of a curve has been defined 
as the arc-rate of rotation of the tangent at that point. Hence 
the normal component of acceleration may be written as 


249 ,2_d0 ds, Mae GO oh His 
e EE on maces T (> 3 as) =) 
FAFA vw, a (7) 


where is the time-rate of rotation of the tangent. 


In particular, if a particle moves in a circle of radius r with 
constant speed v the tangential component of the acceleration is 
zero('.’ wis constant, dv/dt=0) and the acceleration is then 
always normal to the path and equal to v/a (.°. p=a), 


16 
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With rectangular cartesian coérdinates 


r=zit yj+zk, 


dr _da. dy, , dz | 
sera ah aa? 
av dir is din, dy. dee 
amia seie aritarita 


Hence : 


The rectangular components of v and a are the first and second 
derivatives of the codrdinates. 


7°21. Radial and transverse components of velocity and 
acceleration. 


We shall now consider the motion of a particle in a plane. 
The rectangular components of v and a at any point P of the 
path which is a plane curve given in terms of cartesian coördi- 
nates can be easily obtained by the rule given at the end of the 
previous article. 


We next proceed to obtain the radial and cross-radial com- 
ponents of velocity and acceleration at a point P of the trajectory 
given by the polar equation 

r=f(6), 
which according to our notations of art. 6'31 (see also Fig. 6.4) 
can be written as 
r=rR(6), 
R being the unit vector along the radius vector r. 
If we differentiate the above relation with respect to the 


time-variable t we get the velocity vector v. Thus if P be the 
unit vector in a direction perpendicular to R, we haye 


y 


ui dy dra, dR_drp, a0 

esi ai ay R+r Tit att tain: 
lie dR _ aR do =p) 
dt dodt at 


Sf 
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| i.e., the components of v are 
dr ndr”? 
deara 
r 
along R and P respectively. 
Hence we find that the radial and transverse components of 
velocity are POSAT 


H (or $) and r% Cor 76). 
Now differentiating the expression for dr/dé once more we get 
the acceleration components. Thus, 


_dv_d (z do P) 


Cae ala Cae 


at Oa aR) (2 do, dOn, dé an) 
(Geese ger daar a mae de at 

dr a0 aR [è do. 420 i) aqp ] 
-[Grr+oe al aes p P+ dil do 


dt dt d 


“Lia ob eiel g- 


The radial and transverse components of the acceleration are 
then the coefficients of R and P respectively, 


For future references we collect the above results in the 
following forms (dots denote derivations with respect to t). 


Velocity. 

: Danze 
Radial : n= ae 

do 

Transverse: vp=r dt 70 am 
Acceleration 

A -r A —762 
Radial: » Or = Fea abs r-76 


Transverse: @p=2 Rat a 
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An important case arises in applications where the acceleration 
is always directed towards the origin i.e. acceleration is purely 
radial. Then 


ak a (,2 40) 
oat’ at i 


8 
which gives r° a =h (constant). 


This implies that the radius vector sweeps out area at a constant 
rate (i.e, areal velocity is constant). For, the sectorial area 
measured from the initial line is 


k dA do 
= 2 2 ās T = 
A=3 F r? do, di tr dt th. 


The expression for A used above refers to polar codrdinates. 


The more general expression for dA/dt will be obtained in the 
next article. 3 


7°3. Areal Velocity. 


DEFINITION. The areal velocity of a point P about the 
point O, the origin of the reference system, is the time rate of 
description of the vector area swept out by the line OP. 


Consider the general case of motion of a point P when its 
path is not necessarily a plane curve. 


Let P, Q be the positions of the moving particle at times 
t t+ At and r and r+ Ar be their respective position vectors 
_ relative to the origin O. (See Fig. 7.1) If AA denote the vector 
area of the triangle OPQ, we know, 
AA=4rx (r+ Ar) 
=trxAr (`s rxr=0) 
so that : 


PS EE) UI AN s 
At ** Ag 
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Proceeding to the limit, 


Areal velocity =4rxv 


The moment about O of the velocity vector v considered 
localised along the tangent line P is, by definition, r xv, its 
direction being at right angles 
to the plane of rand v. Now if 
p is the length of the perpendi- 
cular ON to the tangent at P, 
we have 


rxv=pn <= (1) 
where v is the speed of P and 
n is the unit vector in the 
direction of normal to the plane 
of r and v. 


Thus 2% areal velocity Fig. 7.1. Areal velocity 
=moment of v about 0 


=pvn tae aul ss. (2) 


If now the particle moves in the plane OPN, we have, by 
using notations of the last article, 


rxv=rx(R+76P) 


= (r x R) +76(r x P) 
=76(rn) Ce rxR=0, rx P=n) 
=r"on zs) == (8) 


whence, pv=7"6=r°0, where §=o is rateof turning of OP. 


Hence, if we denote the magnitude of the areal velocity by h/2 
then Și 


2 d0 
h=|exXvl =pv=r? == ro, 


dt 
which is a very useful result. 
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7°31. Momentum: Moment of Momentum. 

DEFINITION 1. By momentum M of a moving particle at any 
time we mean the vector mv where m is the mass and v is the 
velocity vector of the particle. Thus we write 


M=mv. i 


DEFINITION 2. If M be the momentum vector of a particle 
P at any instant and O, be any point (not necessarily the origin 
of the reference system) then the vector 


eS 
OP x*M=H 

is called the moment of momentum or angular momentum of the 

particle about O. 


We observe that OP is the position vector of P relative to O. 
—> 
In case, O is the origin of the reference system then OP =r, is 
th position vector of P with reference to the origin ‘and the 
angular momentum is given by 


dr 
= mr Xx 
d 


3 dr 
rxm 7 


dt 


It needs hardly be stressed that the angular momentum is 
different for different positions of O. 


Important Note. 


We have remarked that. the velocity and acceleration are 
relative concepts, relative to some reference system. We add 
here that the momentum M (also called linear momentum) is also 
a relative conc» having meaning with reference to some given 
system of reference, 

The angular momentum, on the other hand, is relative in 
two ways—(1) It is relative to the frame of reference with 
respect to which momentum is considered and (2) the point with 
respect to which the moment of the momentum is taken. 


. 
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Rate of change of Linear Momentum. 
The rate of change of linear momentum M is also a vector 


quantity given by 


dM_ da 
dt 


dm 


dv 
ap mv) = ma Fa di 


In Newtonian ee the mass m of the particle is sup- 
posed to be constant. Then, we get, 


dM 


dt =m a ma. 


Thus the direction of dM/dét is the same as that of the 
acceleration vector a. 


7'4. Kinetics: Newton’s Second Law of Motion. 

The fundamental Jaw of Newtonian dynamics is, in fact, the 
second law of Newton, which states : 

The time rate of change of momentum of a particle is 
proportional to the impressed force and takes place in the direction 
in which the force acts. 

Thus if P is the impressed force, this law states 


P œ M, where Meny: 


where / is a scalar which gives the constant of proportionality. 
Assuming that the mass m remains constant, we get 


P= tms 1 = ka. 


Next we choose the unit of force as one which produces in a 
unit mass unit acceleration. Then we have /=1 and hence 


dv 
. P=ma= Mm 


This shows that the acceleration produced in the motion 
of a particle of constant mass has the same direction as the 


\ ` 
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force producing it. The above equation is known as the equation 
of motion for a moving particle. 


741. Fundamental axiom : Equation of Motion. 


The second Law of Newton implies much more than is 
asserted in the vector equation, 


P=ma. 


It implies that if a particle is in motion and several forces 
act upon it either in the same direction or in different directions 
then each force will produce its own contribution to the accelera- 
tion of the particle and this contribution is the same in magni- 
tude and-direction as it would be if the force considered were a 
single force acting upon the particle (The Principle of the 
Physical Independence of Forces). 


Suppose the forces. F,, F,..., Fa, when act separately on 
a particle produce accelerations ag, as, ...... an respectively. 
According to the above principle their combined effect when 
these forces act simultaneously on a particle is the same as that 
‘of a single force SF (i.e, the vector sum of the forces Beta, cera) 
and it will produce a single acceleration a which is the vector 
sum of the accelerations a4, ag..., A, so that we may remember, 


ma=5F=F, +F, ++ +F, 


=m(a, +a, +*+ an). 


In other words, the separate forces F}, F3, ..., Fn are components 
of the single force SF and the separate accelerations ai, Ag) «+05 An 
are components of the single acceleration a. 


That is to say, “the effect of each force is not influenced by 
other forces. Every individual force produces the same effect, as if, 
it were the only force acting onethe particle. ; 


This is the Fundamental aziom on which the structure of 


the Dynamical Theory is based and its justification is to be * 
’ 
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found in the general agreement of the principle with the results 
of the everday experience and observation. 


Let r be the position vector of the moving particle at any 
instant ¢ (relative to a fixed point O) and suppose that with 
reference to a system of rectangular axes through O, 


r=gi+yj+zk=(z, y, 2); 
F=Xi+ Yj+ Zk=(X, Y, Z). 
Then the equation of motion ma = SF gives 


m (Te terde ay 5 
ae 3 


which gives three scalar equations : 


mi=3X; mj=SY; m=5Z 


+75) =SXi+SYj+sZk 


These are the Cartesian equations of motion for the particle. 


7°42. Principle of Angular Momentum. 


Theorem. The rate of increase of the angular momentum of a 
particle about O is equal to the moment about O of the resultant 
force acting on the particle. 


This result is known as the Principle of Angular Momentum. 

Proof. Let r be the position vector of the moving particle 
relative to a fixed point O. Its velocity v is r and its linear 
momentum is M=my. ‘Then the rate of increase of angular 
momentum r x M about O is 


4 exm)=$ (r x mv) 
axm rsm e 
dt 


dy 
3 So Sa EXE, 


where F is the resultant force acting on the particle. 


` Hence the proposition. 
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In particular, if the foree F has zero moment about O, the 
angular momentum of the particle about that point remains 


constant. This is the Principle of conservation of angular 
momentum of the particle. 


The principle of angular momentum can be easily extended to 
a system ofn particles having masses Mi, mo, -.. Mn with posi- 
tion vectors rı, Pa, +., I'n having impressed forces F}, Fo, ..., Fn. 
In this case the total angular momentum 


n 
H= > Mk Ek X Vip 
kel 


and the total moment of the forces about O 


nn 
= > TeX Fh = 
k=1 


m 


dH 
i (my Te 


k= 


Examples. VII(A) 


1. A particle of mass 3 units has the position vector r at 


time ¢, referred to a fixed origin O and rectangular axes along 
i, j, k through O given by 


v=(¥¢? — 2)i + ($t? + 1)j + 402k. 
Prove that the resultant force F acting on the particle is 


F = 3i + 3j + 8k. 


2. In the previous example, evaluate for the particle at | 
time ¢. 


(i) its angular toomentum about the origin O ; 
(ii) time rate of change of angular momentum about O ; 


(iii) the moment of F about the origin. 


Verify the truth of the -principle of angular momentum. 
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3. The position vector r with reference toa set of rectan- 
gular axes through O of a particle of mass m at time ¢ is given by 


r=[a cos nt, a sin nt, $at”]. 


Find the resultant force acting on the particle and the moment 
of the resultant force about O and then show that it is the same 
as the rate of increase of angular momentum of the particle 
about O. 


4. A particle moves along the curve 
r=(t? — 4t) i+ (t? + 4t) j +(82? — 3¢°)k 
where the parameter ¢ denotes the time-variable.. Find the 


magnitudes of the tangential and normal components of its 


acceleration when ¢= 2. 


5. Prove that the acceleration vector of a particle moving 
along a space curve lies on the osculating plane. 


6. Prove that the radius of curvature p ona space curve 
is given by 
oe RE AY 

|v xal 

7, Find the velocity and acceleration of a particle which 

moves along the curve 
2=2 sin 3t, y=2 cos 3t, z=8t 

at any time tł. Find the magnitude of the velocity and accelera- 
tion. 

8. A constant force F=(6, —3, 3) asis ona particle of mass 
4 units. Find the kinetic energy of the particle after 2 units 
of time ifthe initial velocity be u=(4, 3, — 1) 


[ Remember: The scalar quantity }mv* is the K. E. of a particle of 
mass m when its velocity is v ]. 
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9. A particle P moves ina plane with a constant angular 


ok 
speed œ about O. If PO and da/dé are parallel, then show that 
2 
PET 


10. P is a point on the tangent at a variable point Q to 
a fixed circle of radius a. 


If QP=r and if it makes an angle 0 
with a fixed tangent, show that the components of acceleration 
of P along and perpendicular to QP are 


ae eas a Tg F : 
¥—7§2 + = © (726) + 62. 
rö’ +a and aie (76) + a6 


11. Find the areal velocity of a particle which moves along 
the path 


r=a cos wt itb sin wt j 


where a, b, w are constants and ¢ is the time-variable. 


Hints and Answers 
1. r=($¢?- 2t, $ +1, $47); P=v=(¢-2, t, t) 
a=ř=(1, 1, 1) (that is, acceleration is constant). 
<. F=ma=3(1, 1, 1)=3i+3j+3k. 


Note that the magnitude of the force F= (32+ 3° +387) =3 V3 units. 
2. Momentum=M=mv=3(¢—9, t, t). 


(i) angular momentum H=rxM=(3/? -9/, 2+1, $°) x (382-6, 3t, 3t) 
= (34, 3t?, — 34—34- 6) 


=3(t, ia —t?—t-2). 
(ii) 3 @xM)=3(1, 2, ~9¢—1). 


(iii) moment of F about O=rxF= (ht? —2¢, $i? +1, 442) x (3, 8, 3) 


=3(1. 2%, — 24-1). 
4. Tangential, 16 ; Normal, 2/73. 


> 
) 


7. v= 6cos 3t i—6 sin 34j+8k ; a= —18 sin 3ti—18 cos 3ti 
hence |v|=10; |a| =18. 
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8. 52 units. 


9. In this case a=(7—76*) R+(r9 +236) P reduces to 
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a=(7—rw*) R+27w P (for w=ġ is constant). Since da/dé is parallel to 


— 
PO (—R), P-component of å is zero. This P-component of à can be shown to 


be 3řw—rw". Equating this to zero we have the required: result, 


11. łabw k; remember areal velocity=3r X v. 


7'5. A Few common Problems of Particle Dynamics. 


1. Motion under gravity : 


If a moving particle of mass m be subjected to the action of 


gravity alone the equation of motion of the particle is 
2 


y 
a = —mg k, 


mM dt 


where k denotes the unit vector drawn vertically upwards. 


Cancelling m from both sides and integrating we get 


v- gk+b os 


ar 
dt 
where b is the constant vector of integration. 


If v=u when ¢=0 then b=u from (1), Thus 


dr — wee 
Yog a gtk 


Integrating again, we haye 
r=ut—4i*k+e, 
where ¢ is the constant vector of integration. 


Choosing r=0 when ¢=0 we get c=0. Hence 


% r=ut-}gt°k. te 


(2) 


(3) 


Thus the’ locus of r is a plane curve on the plane determined 


by the origin and the two vectors u and k. 
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Considering the directions of u and kas w-axis and y-axis 
respectively, we find from (8) that the codrdinates (v, y) of the 
moving point at time ¢ are given by 


w=lult; y=—49t® 
Elimination of ¢ gives y= -4 ial pal 


This shows that the path is a parabola. 


Hence the locus of a particle moving freely in a constant 
gravitational field is a parabola. 


In case u has the direction of k i.e., velocity at time ¢=0 is 
» vertical, we conclude from (3) that the particle is moving in the 
vertical line through the position of the particle at time t=0, 


In the general case when u and k have different directions, 
say the particle is projected with a velocity u making an angle a 
with the direction of z-axis then we may put 

u=u cosa Û +u sin ak 


(Q is the unit vector along u). 


Now (3) gives 


©=u cos a t, y=w sin a t—4yt?. 


Since y=0 at time T=(Qu sin a)/g, the range on the hori- 
zontal plane is 


=u cos a.T =(u" sin 2a)/g. 


Again at the highest point, the velocity is horizontal and 
hence a 


v.k=0; ie, (u-gtk)k=0 


so that t=u.k/g%? =(u sin a)/g and hence the maximum height 
attained is obtained by putting the value of ¢ in the expression 
for y; thus the maximum height attained is w’ sin®a/2g = H (say) 
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2. Motion under gravity subjected to resistance proportional to 
velocity. 


In this case the equation of motion is given hy 


Bee = —mgk -mu « (u= constant of proportionality) 


$ r dr 
1.0.4 ae gk—u at 
On integration, 


dr gee 
ae ee gtk+b, 


where b=constant vector of integration. 


If r=0, a =u when ¢t=0, we thus obtain b=u. 


Thus, 


dr 


dqt stk+u e (4) 


Now, on integration 


re = uf etdi- ae | tetat 


ut jut 
=" ot- gk [i-i] 
u Wu 


Taking r=0, when ¢=0, we obtain e= — 5 se 
sae mi [%( È nat) a ie 
5 nl Die aed ric Al (5) 


Then from (5) it follows that the locus is a plane curve 
whose plane passes through the origin and will lie in the plane 
ofuand k. From (5) it also follows that 


gate ety se 2 (cr —1)k 
dt u k 
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so that when i> œ, y—— Ík which is known as the limiting 
velocity of the particle, 

Again the particle will move horizontally at time ¢ given by 

v. k=0, which gives 


t= 108 (1+ (ulg) u. k). 


8. Harmonic Motion. 


The equation of motion of a particle subjected to a force 
towards a fixed point and with magnitude proportional to its 
distance from the fixed point is given by 


2 
aT = -ur (u>0), 


x the origin being taken as the fixed 
point. 

The general solution of this equa- 
tion is 


r=acos/ut+bsin Jut, + (6) 


where a and b are arbitrary cons- 


i tant vectors. 
Fig. 7.2, Harmonic motion a 


From (6) we also obtain, 


d 
ics =. ~u a sin Jat + ~u b cos ~ut wre (7) 


See that at ¢=0, r=a, v= Vu b. So if the initial position and 
velocity is given we can fix up a and b. 
If the directions >a and b are taken as the a-axis and y-axis 
respectively, we have from (6), for any point (x, y) on the curve, 
z=| al cosut 
y= |b | sin Vut 


TTEA 


whence Tal at [bT =} 


INVERSE SQUARE LAW OF ATTRACTION 257 


so that the path is an ellipse (Fig. 7.2) such that the diameters 
of the ellipse along a and b are conjugate. 


From (6) and (7) we find that r and v are periodic functions 
of t; the period being 27/ Ju which is the time required to 
describe the ellipse once. 


7'51. Central forces : Inverse square law of attraction. 

DEFINITION. Ifa particle be acted on by a force which is 
always directed towards a fixed point, we say that the particle 
is subjected to a Central force, the fixed point being the Centre 
of force. The exact law of force may be some function of the 
distance. 


Suppose a particle be subjected under a central force, the 
origin O being the centre of force, the exact law of force 
as a function of distance of the particle from O being left 
indeterminate. We shall now prove : 


The path described by the particle will be a plane curve and 
the areal velocity and angular momentum relative to the fixed 
point O will be constant. 


This path is known as central orbit. 


The differential equation of motion can be written as 


a°r_ 
ae =f(r)t 


As the acceleration is always along (and therefore parallel to) 
the radius vector, the cross product 


d’r 
rx 73-0, 
< 
which, on integration gives, 
ee ee a constant vector h (say) <- (1) 
Thus h is a vector perpendicular to the plane of r and a. 


’ 


17 


\ 
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The equation (1) also shows that the areal velocity as well as 
angular momentum about O is constant. 


Taking scalar product of (1) by r we obtain 
r.h=0 ss (9) 


so that the locus of the point r is a curve on the plane 
perpendicular to the constant vector h. 


1, Given a definite law of force, to find the orbit. 
i 


In the following we shall find the path described by a 
particle subjected to a central force (the centre of force is at the: 
origin O) which obeys the inverse square law (i.e. the force 
varies inversely as the square of the distance from 0). Since 
the acceleration is directed towards O, its direction is given 
by —r, where r is the position vector of the particle relative to O: 
and hence the equation of motion is 

d*r 


de f s+ (3) 


aa 


where |r| =r and # is tho unit vector along r. 


- The constant u, called the intensity of force, denotes the 
fotce on unit mass at unit distance from Q. 


We proceed to show that the path of r is a conic. Thero is 
no difficulty to follow that the relations (1) and (2) will be still 
true. From (3) we further obtain, 


iarr Tos UG 1f, dr 
u ap ae r? ta- afer dy] [ usė (1) } 
26 BE IA AUA dr dr 
al ngeleg r] 


E i dr dr 
al catat] 
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[ For by art. 7°21, we have 
_dr do dr -2 ] 


Masi Fae Ree er hence f. di di 
et yad S12, d(r| : 
u de® r dtr? dt. dt (4) 


Integrating (4), we get 


1 dr 


f eee 5 
j aoha- +a (5) 


where a isan arbitrary constant vector, That a lies in the plane 
of the orbit follows from the fact that 
1dr 
u dt 


whence a.h=0 [use (2)] 


xh.h=Ír.h+a.h 


From (5), we also obtain, 


Ade yy) 2 ° 
al ae Le dint Saar 


or i (rx Tn), +| alrcoso 


where @ is the as inclination of r to a. Hence, using (5) 
we have 
I/juh.h=r(1+ | a] cos 6) 


or 'h?/u=r(1 +e cos 0), ife=| al .. (6) 
We usually write °/u=1, then (6) reduces to 
i =I1+e cos 6 = , s (7) 


representing a conic whose eccentricity is e and semi- latus- 
rectum is =h h?/u and one of the foci is at the centre of force. 


The conic is a parabola, ellipse or hyperbola according as. 
e is equal to, less than or greater then unity. 


260 APPLICATIONS OF VECTOR CALCULUS IN MECHANICS 


2. To find the value of eccentricity in terms of initial speed, 


Squaring (5), we obtain 


2 2,,2 9 
at=e?= (Ty xh— | eee ee eh. 
u r u ur 


ay? De iy ae SS = =f? 
=i +1- C7 vxh.r=rxv.h=h.h h?) 
It follows that 


2 
e? <, = or > 1 according as v? <, = or aE 


If now a particle be projected with a speed v from a distance c 
from the centre of force, the ah is an ellipse, parabola or 


hyperbola according as 
o%< =or> w, 


The eccentricity in all cases is ee by 
gre (e -2)+1 NG) 

3. Tofind E. speed v at any point of the orbit, 

Multiplying (3) scalarly by 2 F we obtain 


a4. dr 2ú, dr_ -2u dr 
dt dt p ae or? at 


On integration, we get 


34 A ops Qu 
ot=(#)" = 04 4 (9) 
If v=v_ when r=a i.e. if the speed at some point be given 
then we obtain 25 
Qu 
C=- ai 


whence, v? =v? +ou (1! - z) R G Ca) 


which gives speed at any point of the path in terms of the speed 


at some assigned point. 
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4, Planetary motion. 


The most important case arises when the orbit is an ellipse. 
The motions of planets relative to the sun are of this description. 


If the elliptic orbit has the two semi-axes, a, b then its area 
is mab and hence the periodic time 


a neb 5 an abs Sen ab L 2r i 
h2 Jub E Nub a Nu 

In other words, the square of the periodic time is proportional 

to the cubes of the semi-major axes of the elliptic orbit. This 


relation was observed by Kepler in the case of planets. 


In order to determine C 
of (9) we consider the speed vo V. 
at the end of the minor axis. 
The perpendicular distance to 
the tangent at this point is b, 
while the distance r from the 
focus is a. Hence (9) gives 


2 h? l 
Oa A a af 


whence, C=-w/a and the 
speed v at any point is given by 


fe 1-1) 
a 


Fig. 7.3 Planetary Orbit 


If p and p’ are the perpendicular distances from the centre of 
force O (which is one of the foci) and the other focus O’ 
respectively to the tangent to the ellipse at P (Hig..7.3), the speed 
vat P is given by € 

v=h/p =hp'/pp' =hp'/b?. 

5. Hodégraph. 

DEFINITION. The hodograph of a point P moving along a 
curve is the locus of a second point Q whose position vector at 
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any instant is equal (or proportional) to the velocity vector of P 
at that instant, f 


Let a point P move under a constant acceleration gd, where d 
is the unit vector in the direction of acceleration. Then, we 
have v=gd which, on integration, gives 


V=votgtd (vo =velocity at the instant ¢=0). 


The position vector R of Q is then equal (or proportional) 
to Vo +gtd. The locus of Q is thus a straight line parallel to d 
and the velocity of Q-i.e., R is equal or proportional to gd, that is 
to the acceleration of P. 


Thus the velocity with which Q describes the hodograph has 
a magnitude equal or proportional to the magnitude of acceleration 
of P and they have the same direction. 


Again suppose a particle describes a conic under a central 
force to the focus the hodograph will be a circle, For, by (5) 
we obtain, on squaring, 

2 2 
(E-l iena) = (iraa) 
2 


4 


or oes oe “vxh.a+a? 
u u 


2,2 2 
or v’-Qv.h x ak RA EN = 2 (assume a= ea ) 
Hence the hodograph is the circle 
2 2 u? 
T= 2r.0+ (¢? — 1) n270 


whose centre is the point 


=.lt =e Weis ag 
c=;ahxa i hxa (C. a=ea), 
When the conic is a parabola, the hodograph is 
r*-9r.e=0 


ie. it passes through the origin. 
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Examples. VII(B) 


1. A particle P describes an elliptic orbit under a central 
force to the focus O (Fig. 7.3). Show that its velocity at any 
instant may be resolved into two component velocities of constant 
magnitudes, perpendicular to the major axis and OP respectively. 


Solve this problem in two ways : 
(i) using speed væ p’. 


(ii) taking vector product of equation (5) of art. 7°51 with h. 


2. Three particles A, B, C whose position vectors at some 
instant are rı, rə, l's have velocities V4, Ve, Vs respectively. 
Prove that the rate of change of vector area of the triangle 
ABC is 

ira x (ve = Va) Hra X (Vs = V1) +15 X (Vi — Va). 

3. Show that if a is a fixed radius of a circle and k is a unit 
vector drawn from the centre of the circle at right angles to its 
plane, the equation of the circle is 

r=a cos 0+ (k xa) sin 9, 


where 0 is the angle between r and a. 


Deduce from the above example that the velocity in the 
circle is (k xr) d0/dé and that its moment about the centre is the 


vector 
249 
gE 
Also obtain the acceleration in the circle in the form 
EN ERE a 
F=(k x1) gT (g 


4. Shot that the equation of an ellipse with a focus as origin 
may be written as 
r=(l sin 0+1xk cos 8)/(1 +e cos 0), 
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where e is the eccentricity, 1 a vector represented by semi-latus 
rectum and k a unit vector perpendicular to the plane. Find an 
expression for the velocity in the ellipse and verify that its 
moment about the focus is rxr=726 k. Assuming this to be a 
constant h, show that the acceleration is h2/lr? directed towards 
the focus. 


5. A particle moves under a central force obeying the law 
that it is proportional to the cube of the distance r from the 
centre of force, Show that 

r =at" +8, 
where a and Ê are constants. 


6. A particle describes an elliptic path under a central force 
to the centre of the ellipse. Show that its angular speed about 
a focus varies inversely as its distance from that focus and that 
the sum of the reciprocals of its angular speeds about the two 
foci is constant. 


7. If a particle describes an ellipse with the centre of force 
as one of the foci then show that the speed at the end of the 
minor axis is a mean proportional between the speeds at the 
ends of any diameter and that the angular speed about the other 
focus varies inversely as the square of the normal. 


8. Discuss the motion of a particle under a central force, 
the law of force being any function of the distance, [ See hints ] 


9. Use Example 8 to find the law of force when the path 
is given to be an ellipse 


1 at 1 


i a 


10. Find the law of force to the centre of an ellipse under 
which the ellipse will be described. Remember that for an 
ellipse with origin at the centre we have ; 
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11. Find the law of force under which the following curves 
are described : 
(i) Hquiangular spiral (centre of force is the pole) 


(ii) Cirele with the centre of force on the circumference 
How do the speeds vary in the two cases ? 


Hints and ‘Answers 


=> 
1. (i) See Fig. 7.3. v is proportional to O'N and at right angles to it, 
But if O'N is produced to meet OP in Q then 


mi — > lh 
O'N=40'Q=4(0'0+ 0Q), 
and both O’O and OQ are of constant length ; hence etc. 
3. If â be the unit vector along a then kx 4 is a unit vector in the plane 


of the circle perpendicular to the direction of a. If a be the radius of the 
circle then the position vector r of any point on the circle is given by 


T=a cos 9 +a sin 6(kx 4)=a cos 8+(kXa)'sin 0. 
Hence obtain č and Y (0 is the scalar variable). 


8. The equation of motion is 


ARH 


Form scalar product of each side with 2 a and obtain 


T = — 94 E =o E 


On integration we get 
=(@\’_¢_- 
v= (Z) =0-25 f0) ar 
This gives the speed at any distance. Writing h?/p* for v? and difteren- 


tiating the last equation with respect to r ; we find 
€: 


which gives the pedal equation of the path, f (r) being given. 
14. (i) f(@)=ulr? 5 vællr ; (i) f(r)= elr", veel|r?. 


Acceleration 195, 203, 240 Complete quadrangle 
—constant 203 jam quadrilateral 
—radial and transverse 242 Components of a vector 
—tangential and normal 241 Conditions for 

‘Addition of vectors 7 —collinearity of points 

Angular Momentum 246 —coplanarity of points 

—Principle of 249 —coplanarity of lines 


INDEX 


[ The numbers refer to pages } 


—Principle of conservation of 250 Conservation of 


Angle between two planes 139 Angular Momentum 
Are length 213 Constant of integration 
Areal Velocity 244 Oross product 
Associative Law—Addition 11 Curvature 
—Multiplication by scalars 14 —Centre of 
—Scalar Product 85 —Circle of 
— Vector Product 100 —radius of 


Binormal 220 Darboux Vector 
Bisector of angle between Definite Integral 

—two lines 56 Derivative of a vector 

—two planes 144 = Vector sums 
Carnot’s Theorem 67 2 Vector products 


Central forces 
Centre of curvature 
Centre of force 
Centre of gravity 
Centroids 
Centre of mass 
Centroid of Area 
—of Volume 
Centroid-Theorems 
Cova’s Theorem 
Collinear points 


ey vectors 7 Multiplication by a scalar 
Commutative Law—of addition 10 Scalar Product 

—of multiplication by scalars 14 Vector Product 

—of dot-product 83 Dot product 


257 Desargues, theorem of 
222 Direction Cosines 
257 Directed line segment 
42 — numbers 
88 Displacement 
41 Distance 


42 —S. D. between two lines 
re 42 Distance of a point 

39 —from g plane 

64 —from a line 


18,51 Distributive Law 


67, 69 
71 
28, 31 


18, 51 
19, 54 
156 


250 
200 

97 
221 
222 
222 
222 
227 


201 
186 


14 
86, 90 


100, 108 


83 


_ 268 INDEX 


Elliptic motion 261 
Equal Vectors 4 
Equation of motion 248 
Equation of a line 49, 151 
— aplane 51, 138 
— asphere 171 
Frame of reference 239 
Free Vector 5 
Frenet’s formulae 223 
Function, vector 183 
Harmonic conjugates 22 
— Motion 204 
Helix—Circular 211, 232 
Hodograph 261 
Indefinite integral 199 
Instantaneous velocity 240 
Intersecting lines, Condition 156 
Inverse : Centre of inversion 175 
Inverse square Law 257 
Kinematics 239 
Kinetics 247 
Lami’s Theorem 75, 177 
Limit and Continuity 183, 185 
Moment of a force 
—about a point 98, 178 
—about a line 179 
—of momentum 246 
Multiplication of a vector 
by a scalar 14 
Negative of a vector 12 
Newton’s Second Law of Motion 247 
Normal acceleration = 241 
— principal 220 
Null vector 6 
Osculating plane 222, 294 
Parallel curves 233 
Parallel vectors 7 


Parametric equations 
—of a straight line 
—of a plane 

Perpendicular distance 


—from a point on a plane 
—from a point on a line 


141 
152 


—between two skew lines (S.D.) 159 


Planetary Motion 
Polygon, Vector 
Position Vector 
Principle of A.M. 
Product of vectors 
Scalar product 
Vector product 
Triple product 
of four vectors 
Proper Vector 


Radial Velocity 
—Acceleration 


Reciprocal system of Vectors 


Rectifying plane 
Relative Velocity 

— displacement 
Resolution of a vector 


Resolution, rectangular 
Right handed vector triad 


Section Ratio 
Screw motion 
Shortest distance 
Skew lines 

Sphere, equation of 


Straight lines, equations of 


Subtraction of vectors 


Tangent plane (sphere) 
—to a curve 


Tangential acceleration: 


Tetrahedron 
—Volume 


—Regular (Properties) 


261 
9 

6 
249 
82 
82 
97 


113, 118 


120 


49, 151 


e y 


INDEX 
Theorem of bisectors 57 Unit Vector 
Theorem of —Tangent vector 
—Ceva 64 —Principal normal 
—Complete quadrangles 69 —Binormal 
—Oomplete quadrilaterals 71 Vectors—Algebra of 
—Desargues 16 — Addition of 
—Menelaus 60 — Coinitial 
—Pascal 66 — Oollinear 
—Carnot 67 — Components of 
—Euler 92 — Coérdinates of 
—Rankine 176 — Difference of 
—Lami 75, 177 « — Equality of 
—Lagrange 94 — Linear combination of 
Torsion 2922 — Linear dependence of 
Tordas ae — Linear independence of 
— Sealar product of 
‘Tranverse velocity 242 — Vector product of 
—acceleration 242 Vector equation 
Triangle Law ; 8 —Difierential equation 
Triple product Velocity 
Solar Ris —radial and transverse 
—Vector 118 Work done by a force 
— Derivatives 194 Zero Vector 
e 
* 


26 

26 

82, 88 
97, 106 
13 

203 


242 
17 
6 


CALCUTTA UNIVERSITY QUESTIONS 


B. A. and B. Sc. Examinations 
1960 
Honours Course ( New Syllabus ) 


Answer any two questions. 


1. -If the position vectors of three points be denoted by 
a, B, Y show that the necessary and sufficient condition that the. 
points be collinear is that there exists a linear relation 
pat+gqB+r?=0, in which P, q, T are numbers which. satisfy 
ptqtr=0. 

Apply vector method to show that the internal bisector of 
the angle A of a triangle ABC divides the side BC in the ratio. 
AB:AC. ; 

If s be the length of an arc measured from a fixed point on a 
given curve up to a variable point P whose position vector is a, 
find the vector equation of the tangent to the curve at P. What 
are the direction cosines of the tangent ? 


2. Dofine dot product of vectors and show thatit satisfies 
the distributive law [ ż.e. a.(@+7)=a.8+a7]. Use this property 
to show that- the work done by a number of forces acting on a 
particle is the same as that done by their resultant. 


If a is a constant vector and £ is a variable vector drawn from 
the same origin and c is a number, show¢hat the equation of a 
plane can be put in the form a.B=c ; conversely, any equation of 
this form represents a plane. Show also that the equation of a 
sphere can “be put as @?—2a8+hk=0, wherek is a number, 
Deduce that the diameter of a sphere subtends a right angle at 
any point of the surface, 


oc 
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3. Define cross-product of two vectors. How does the product 
behave regarding the commutative law ? Give geometrical inter- 
pretation. 

With reference to an orthogonal coérdinate system, show that 

a X P=(aobg — Ggb2)X + (asb — @ybs)y + (bg — @gb1)z 
where x, y, Z are unit vectors in the positive directions of the 
axes, and the a’s and b’s are components of the vectors a and $. 

Denoting a.(@ xv) = [aßY], interpret [apy] =0. 


Show that any four vectors satisfy 
[aBy]6 = [67 6]a + [Vað] + [aßð]y. 


Pass Course (New Syllabus ) 
Answer any one question. 


1. (a) Find the condition that the extremities of three coinitial 
coplanar vectors are collinear. : 

(b) If the external bisectors of the angles of a triangle 
intersect the opposite sides in the points P, Q, R, prove by the 
method of vectors that P, Q, R are collinear. 

2. (a) Define vector product aX ß. Discuss the significance 
of the vector triple product a x (8 x y). 

(b) Prove that (axf)xy=ax(@xy) if and only if 

(vy xa) x B=0. 


Honours Course (Old Syllabus) 

1. Obtain fhe vector: equation of a straight line joining the 
points whose position vectors are a and b referred to a fixed 
origin. f 
Forces P, Q act at O and have a resultant R. If any transversal 
cuts their lines of action at A, B, C respectively, show, by vector 
methods 


P Gee 
OA OB OC 
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Prove that the joins of the mid-points of opposite edges of a 
tetrahedron intersect and bisect each other. 


2. Define the scalar and vector triple products of three 
given vectors and interpret them geometrically. 


If a, b, c are any three non-coplanar vectors, show that any 
vector r may be expressed as 


[rb clatire al b+[r ab] c, 
E [a b e] 


3. Show that the equation of the plane containing the two 
parallel lines 


r=a+sb, r=a’+itb 
is r. (a’-a)xb=[a a’ b]. 
Find the locus of a point which is equidistant from the three 
planes 


r. n1 di, F. no =q, F.Ns-ds 


1961 
Honours Course 
Answer any two questions. 


i: (a) If the position vectors of four points, no three of which 
are collinear, be denoted by a, $, Y, ô show that a necessary and 
sufficient condition that the points be coplanar is that there exist 
four numbers p, q, 7, $, not all zero, such that the relations 
pat gb +q +sô=0 and p+qtr+s=0 are satisfied. 

Show that the following four points are“toplanar : 
4=6a-46 + 10”, w= ~- 5a +38 -— 107, v= 4a -68 — 107, p = 28 + 107. 


e 
(b) Show that the centroid of n given points with associated 
masses is independent of the origin of the position vectors of the 
points. 


sey gl 
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If the position vectors of n points represent 7% concurrent 
forces, show that the forces will be in equilibrium if the centroid 
of the points coincides with the origin. 


2. (a) Define dot product of two vectors. Apply the definition 
to obtain the trigonometrical formula c=6 cos A +4 cos B for a 
triangle ABC. 


(b) Obtain the equation of a plane in the form 4.7 = p, where 
n denotes the unit vector perpendicular to the plane. 
Find the point where this plane meets the line A=at t$. 
(c) Define vector product of two vectors. 
Show that a.(6 x X) is equal in magnitude to the volume of the 


parallelopiped of which a, f, Y are coterminous edges. 


8. (a) Prove the following relations : 
G) ax(@x7)=(a.7) 8-8)”, 
(ii) (B +7){( + a) x (a + B)} = 2[a87]. 
(b) A particle of mass 5 units has the position vector / at a 


t given by A=(3¢7 —2t) X+(¢7+1) Y+$t?Z, where X, Y, Z are 
unit vectors in the positive directions of the axes. 


Show that the resultant force acting on the particle is 
5X + 10Y + 15Z. 


Pass Course 
Answer any one question. 
1. Show that the vectors 


A=2i-j+k, B=i-3j-5k, C=3i-4j-—4k 
form the sides of a right-angled triangle. 


(Hints. First show that they forma triangle and then prove that the 
triangle is right ] 
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2. (a) Define the scalar and vector products of two vectors 
and state their geometrical significance. 


(b) Prove by vector methods that the medians of a triangle 
are concurrent. 


1962 


Honours Course 


+ 


Answer any two questions. 


1. (a) State and establish the distributive law for vector 
products. 


(b) Show that the points i-j+8k and 3 (it+j+k) are 
equidistant from the plane r. (5i+2j)-—7k) +9=0, where r is 
the position vector of any point on the plane and i, j, k are unit 
vectors parallel to the codrdinate axes. 


(c) A particle, acted on by constant forces 4i+j—38k and 
3i+j—k, is, displaced from the point i+2j+8k to the point 
5i+4j+k. Calculate the total work done by the forces ; i, j, k 
are unit vectors parallel to the coérdinate axes, 


2. (a) a, b, c, d are four vectors, shew that 

(a x b) x (e x d)=[a c dlb—[be dla. 
Hence, or otherwise, shew that 

[b c d]a +[cad]b+[ab d] c=[abe]d, 


where [a b c] represents the scalar triple product of the vectors 


a, b, ©. n 


(b) The velocity of a boat relative to water flowing in a 
river is reyresented by 3i+4j and that of the water relative to 
the ground ‘by i- 3j. Find the velocity of the boat relative to 
the ground ifi and į represent velocities of one mile per hour 
towards Hast and North respectively. 


P aai 
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8. (a) Obtain the vector equation to the straight line through 
the points i-2j+k and 3k-2j, where i,j, k are unit vectors 
parallel to the axes of coérdinates. Find also the position vector 
of the point where the above line cuts the plane through the 
origin containing the points 4j and 2i +k. 

(b) A particle P moving on a plane has its codrdinatos (r, 0) 
at any time ¢ ; shew that if v and f are the velocity and accelera- 
tion of the partiele ar time ¢, then 

v=ġýt 4p os 
and f=(—7 6?) #+(7 6+ 2 6) & 
where Ŷ and $ are unit vectors parallel and perpendicular to the 


radius vector to P and œ is the angular speed of P about the 
origin of codrdinates. 


Pass Course 
Answer any one question. 


1. Prove by vector methods that for any triangle ABC 
c? =a" +b? — 2ab cos C. 


‘ Prove that if P; Q, R are vectors 
Px(QxR)=(P. R) Q- (P. QR. 


2. (i) The position vectors of two points P and Q are res- 
pectively 3i +7j—4k and 6i-2j+12k, where i, jẹ k are unit 
vectors parallel to the axes of coordinates. Calculate the angle 
between OP and OQ, where O is the origin, 


(ii) If the vervices of a triangle are points i-—j+2k, 
2i+3j+4k and 3i+3j-4k, what are the vectors determined 


by its sides? i. j, kare unit vectors parallel to the axes of 
coordinates. 
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1963 (Pass) 


1. (a) Find the position vector of the point which divides the 
join of two points with position vectors a and f in a given ratio 
m:n(> 0). 
(b) Show that’ (ax p)*=a"p?-(a. p)? where a, p are any 
two vectors. 
2. (a) If the diagonals of a quadrilateral bisect each other, 
show, by vector method, that the figure is a parallelogram. 


(b) Show by vector method that the perpendicular bisectors 
of the sides of a triangle are concurrent. : 


1963 (Honours) 


1. (a) Find the condition that the extremities of three coinitial 
coplanar vectors are collinear, 

(b) From points in the base of a triangle, straight lines are 
drawn parallel to the sides. Show by the method of vectors that 
the intersection of the diagonals of each of the parallelograms so 
formed, lie on a straight line. 

2. (a) Define the vector product ax of two vectors @ and B 
and prove that this product satisfies the distributive law : 


ax(B+Y)=axptaxy?, 
How are the three vector products a x B, Bx ¥ and Y X a related 
when at+fp+yv=0? e 


(b) Prove that (ax B) x (y x 8)=[a » 6]6—-[6 Y dla 
where [a 6 y] denotes the product a. (8x7). 


Deduce that [apvlé=[6B 7]a + [6X alf + [ô a ply. 
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1964 (Pass) 


1. (a) Prove that ax (gx ”)=(a .?) B-(a. B) Y. 


(b) If a straight line is equally inclined to three coplanar 
straight lines, show by vector methods, that it is perpendicular to 
their plane. 


2. (a) Show by vector methods, that the perpendiculars from 
the vertices of a triangle to the opposite sides are concurrent. 


(b) Show by vector methods, that the line joining one vertex 
of a parallelogram to the middle point of an opposite side and the 
diagonal not passing through that vertex meet in a common point 
of trisection. 


1964 (Honours) 


~ 1. (a) Prove by the method of vectors that the medians of a 
triangle meet in a point which trisects each of them, 


N (b) Establish the following formula for the derivative of the 
cross product of two vectors w and v which depend on a 
parameter ¢ : 


d -yxy tU 
T (uxo =u at We 


If r be the position vector of a particle of mass m relative to a 
point O, F is the external force on the particle and M is the 
moment of F about O, show that M= dH | dt where H=rx mv, 
v is the velocity of the particle and ¢ represents time. 
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1965 (Pass) 


1. Show, by vector methods, that the line joining the mid- 
points of two sides of a triangle is parallel to and half the third 
side, ; d 

2. If a, ß are two vectors, show that 

(ax p)? +(a . B)? =a"8?. 

3. Ifthree distinct points A, B, © with position vectors 
a, B, Y respectively are collinear, show that there exist ‘three 
non-zero numbers a, b, c such that 

atb+c=0 and aatbpt+cy=0. 


1965 (Honours) 


1. Define the vector and scalar products of two vectors with 
illustrative examples, _ 

Given that each edge of a tetrahedron is equal to the edge 
opposite to it, prove that the lines which join the middle points 
of opposite edges are at right angles to those edges. 


2. Define the terms divergence and curl of a vector. 
Prove that (i) div curl (X, Y, Z7)=0, 
(ii) curl curl (X, Y, Z)=grad div (X, Y, Z) 
-div grad (X, Y, Z). 
1966 (Pass) 


` 1. (a) Show that ax(8xY)=(a.Y)ß-(a. B). 

(b) If a=(-2, —2, 4), p=(-2, 4, - 2) and y=(4, - 2, - 2), 
calculate the value of a . (8 x ¥) in its simplest form and interpret 
your result geometrically. 

2. (a) What do you mean by vector product of two vectors 
aand f? Find the unit vector perpendicular to each of the 
vectors a=6i+27+3k and p=3i-—67-Qk. 

(b) Prove by vector method, the formula 

° a [sin A=6/sin B=c/ sin 0 
for any triangle ABO. 
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1966 (Honours) 


1. (a) Prove by the method of vectors that the internal 
bisectors of the angles of a triangle are concurrent. 
(b) If a be the position vector of a given point in space and 
p be the position vector of any point, find the locus of p if 
(i) (p-a).a=0; (ii) (p-a). p=0. 
2. (a) Establish the following formula for the derivative of the 


dot product of two vectors a and B which depend on a parameter 
t: 


a _, dp, da 
ae ORS art ae 8 


Ifa has constant magnitude, show that a and da/dt are 


perpendicular provided the magnitude of da / dt is not zero. 


(b) If two pairs of opposite edges of a tetrahedron are 
mutually perpendicular, prove that the third pair is also perpendi- 
cular to each other. 


— 


S a  —l 


